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Abstract Certain spiral density waves in Saturn's rings are generated through resonances with planetary
normal modes, making them valuable probes of Saturn's internal structure. Previous research has primarily
focused on the rotation rates of these waves. However, other characteristics of these waves also contain valuable
information about the planet's interior. In this work, we investigate the amplitudes of the waves across the C‐ring
by analyzing high signal‐to‐noise profiles derived from phase‐corrected averages of occultation profiles
obtained by Cassini's Visual and Infrared Mapping Spectrometer (VIMS). By fitting these wave profiles to
linear density wave models, we estimate the ring's surface mass density, mass extinction coefficient, and
effective kinematic viscosity at 34 locations in the C‐ring, as well as the amplitude of the gravitational potential
perturbations associated with 6 satellite resonances and 28 planetary normal mode resonances. Our estimates of
the C‐ring's mass extinction coefficient indicate that the typical particle mass density is around 0.3 g/cm3

interior to 84,000 km, but can get as low as 0.03 g/cm3 exterior to 84,000 km. We also find the ring's viscosity is
reduced in the outer C‐ring, which is consistent with the exceptionally high porosity of the particles in this
region. Meanwhile, we find the amplitudes of Saturn's normal modes are complex functions of frequency, ℓ and
m, implying that multiple factors influence how efficiently these modes are excited. This analysis identified two
primary sources of these normal‐mode oscillations: a deep source located close to Saturn's core, and a shallow
source residing near the surface.

Plain Language Summary Saturn's C‐ring contains waves, which are patterns generated mostly by
the planet's internal vibrations. We analyze these patterns using data from the Cassini spacecraft in order to
obtain new information about both the planet and its C‐ring. We find systematic differences in the ring's
properties which suggest that the ring particles are much more porous in the outer part of the C‐ring. In addition,
these patterns allow us to estimate the strength of the planet's internal vibrations. These amplitudes exhibit
trends that suggest they may be excited by at least two different sources: a deep one near the planet's core and a
shallow one closer to the surface.

1. Introduction
Saturn has a variety of internal oscillations that produce detectable structures in its surrounding rings (Marley &
Porco, 1993). These structures, known as spiral density and bending waves (Shu, 1984), encode a wide variety of
information about both the properties of the rings themselves and about the internal structure of the planet.
Previous analyses of these waves have determined the azimuthal wave numbers and oscillation frequencies of
over 25 planetary normal modes (French et al., 2019, 2021; Hedman et al., 2018; Hedman & Nicholson, 2013,
2014), which have already provided important insights into Saturn's internal structure and rotation state
(Dewberry et al., 2022; Fuller, 2014; Mankovich et al., 2019, 2023; Mankovich & Fuller, 2021). However, more
information can be extracted about both Saturn and its rings from other aspects of the observable waves.

First of all, the amplitudes of the ring waves can be used to estimate the amplitudes of individual planetary normal
mode oscillations, which depend upon how those modes are excited and damped within Saturn. In principle, there
are a variety of ways that normal modes could be excited inside a giant planet, including sufficiently deep and
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intense storms (Markham & Stevenson, 2018). However, thus far, analyses of normal mode contributions to both
Jupiter's and Saturn's gravitational fields have needed to assume that the amplitudes of normal modes are smooth
and relatively simple functions of frequency in order to match the currently available spacecraft tracking data
(Durante et al., 2022; Markham et al., 2020). By contrast, preliminary studies of the ring waves indicated that the
normal mode amplitudes could vary in rather complex ways (Hedman&Nicholson, 2019). Since different normal
modes penetrate to different depths within the planet (Marley & Porco, 1993), more detailed and quantitative
investigations of these wave amplitudes should clarify where and how planetary normal modes are being excited
inside Saturn.

Furthermore, the waves generated by planetary normal modes are broadly distributed throughout the C‐ring, and
so can provide valuable information about the surface mass density and viscosity of this ring. The C‐ring extends
between 74,490 and 91,980 km and lies interior to the much denser B‐ring. It contains a variety of structures,
including gaps, ringlets, regions of elevated optical depths called plateaux, and broad undulations in optical depth
(J. Colwell et al., 2009). Prior studies of C‐ring waves identified some interesting trends in the ring's surface mass
density (Baillié et al., 2011; Hedman & Nicholson, 2014; Rosen et al., 1991), but the available data on the inner
half of the C‐ring has been very limited because of the small number of identified waves in this region. A
consistent analysis of all the density waves within the C‐ring, including the many newly discovered waves in the
inner C‐ring (French et al., 2019) is therefore warranted.

In this paper, we perform a comprehensive analysis of all the known density waves in Saturn's C‐ring using high
signal‐to‐noise profiles derived from stellar occultation observations made by the Visual and Infrared Mapping
Spectrometer (VIMS) onboard the Cassini spacecraft. In Section 2, we provide a theoretical background for both
planetary normal modes and for spiral density waves relevant to this project. Next, in Section 3, we lay out what
methods we used to obtain the required wave profiles and extract relevant parameters that can constrain properties
of the planet's interior and its rings. The results of this analysis are presented in Section 4 and their implications for
the rings and the planet are discussed in Section 5.

2. Theoretical Background
Prior to describing how we analyzed the observations of the C‐ring waves, it is useful to first review the basic
theory of both planetary normal modes and spiral density waves. First, in Section 2.1 we describe how normal
mode oscillations in the planet can give rise to perturbations in the planet's gravitational field. Then in Section 2.2
we describe how these perturbations generate and influence the observable properties of density waves within the
rings.

2.1. The Saturnian Oscillations

Oscillations inside fluid planets like Saturn can be decomposed into normal modes (Unno et al., 1989) whose
properties depend on the object's internal structure. These normal modes involve perturbations in the planet's
density, pressure, and gravitational potential. Each of these oscillation modes corresponds to a density pertur-
bation inside the planet ρʹ that can be expressed in terms of spherical harmonics:

ρʹ(r,θ,ϕ, t) = ∑
∞

n=− ∞
∑
∞

ℓ=2
∑
ℓ

m=− ℓ
ρℓ́mn(r)Yℓm (θ,ϕc

ℓmn(ϕ, t)), (1)

where r is the radius, Yℓm (θ,ϕc
ℓmn) are the standard (real) spherical harmonics, with θ being the colatitude and

ϕc
ℓmn(ϕ, t) being the azimuth in the frame co‐rotating with the normal mode in the planet. For the prograde‐

rotating modes (m> 0) that can form resonances in the rings, this angle can be written in terms of the fixed
azimuth angle ϕ as ϕc

ℓmn = ϕ − (σℓmnt ⁄m + ϕℓmn), where σℓmn is the mode oscillation frequency (Marley &
Porco, 1993) and ϕℓmn is the phase of the oscillation at t = 0. Note that each mode is labeled by a combination of
the spherical harmonic indices ℓ and m, as well as a third index n that accounts for the fact that modes having the
same ℓ and m values can have different radial orders or propagation types, and hence, different frequencies. For
example, at ℓ = m = 2, the spectrum may include an f‐mode with n = 0, g‐modes with n = − 1, − 2,… , and
p‐modes with n = 1,2,… , all with distinct frequencies (Takata, 2006). The modes that are expected to most
strongly affect the observable gravity field are those most similar to the so‐called f‐modes (Leibacher &
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Stein, 1981; Marley & Porco, 1993; Mankovich et al., 2019). Strictly speaking, rotation as rapid as Saturn's
couples variability with a fixed frequency and azimuthal order m across multiple harmonic degrees ℓ (Reese
et al., 2006), so identifying each mode with a single spherical harmonic is an approximation. We discuss the
relevance of such coupling further in Section 5.2.

Since we will be examining trends with ℓ and ℓ − m, it is worth summarizing what those parameters physically
represent. The angular degree ℓ measures the number of circles bounding the regions of positive and negative
perturbations, while the azimuthal order m shows the number of great circles passing through the polar axis,
bounding these positive and negative perturbations. Thus when the angular order m is zero, the harmonics are
called zonal and oscillate only in the latitudinal direction, and when ℓ = m the harmonics are called sectoral and
oscillate only in the longitudinal direction. For other values of m, the harmonics oscillate in both the longitudinal
and latitudinal directions. In general, the quantity ℓ − m accounts for the number of latitudinal circles forming
latitudinal boundaries, while 2m accounts for the number of zero crossings in the longitudinal direction.

Each normal mode inside the planet generates a corresponding perturbation in the planet's gravitational field that
can affect its rings.

Consistent with previous works (Marley & Porco, 1993), we express the total gravitational potential of a planet as:

Φ(t) = Φ0 +Φʹ(t). (2)

Here, Φ0 is the unperturbed gravitational potential, which we will express as (Marley & Porco, 1993; Zharkov &
Trubitsyn, 1978):

Φ0 = −
GM
r
{1 − ∑

∞

ℓ=1
(
Rs

r
)

ℓ

JℓPℓ(cos θ)}, (3)

where G is the gravitational constant, M is the planet's mass, r is the distance from the planet's center to a reference
point, Rs is the planet's (equatorial) radius. Jℓ is the ℓ‐th multipole gravitational moment, which is a measure of
how the external gravity field departs from spherical symmetry (Guillot & Gautier, 2015; Marley & Porco, 1993;
Shu, 1984; Tremaine, 2023; Zharkov & Trubitsyn, 1978). Pℓ(cos θ) is the standard Legendre polynomial
expressed as (Guillot & Gautier, 2015; Tremaine, 2023; Wieczorek & Meschede, 2018):

Pℓ(cos θ) =
1

2ℓℓ!
dℓ

d(cos θ)ℓ
[(cos2 θ − 1)ℓ], (4)

where θ is the given colatitude. Note that since Saturn is a fluid planet in hydrostatic equilibrium, we neglect any
permanent non‐axisymmetric terms in this part of the potential. While Saturn does show evidence for gravita-
tional anomalies that rotate at close to the planet's rotation rate (Hedman et al., 2022), these perturbations can be
neglected here.

By contrast, the time‐variable part of the field Φʹ can contain components with any combination of ℓ and m, and
can even contain multiple components with the same ℓ and m but different frequencies. This component of the
field can be written in the following form (Marley & Porco, 1993):

Φʹ (t) = GM
r

∑
∞

n=− ∞
{− ∑

∞

ℓ=0
(
Rs

r
)

ℓ

J ℓ́nPℓ (cosθ) + ∑
∞

ℓ=0
∑
ℓ

m=0
(
Rs

r
)

ℓ

Pℓm (cosθ)[Cℓ́mncos (mϕc
ℓmn)

+ Sℓ́mnsin (mϕc
ℓmn)]}, (5)

where again n is an index that identifies different normal modes with the same ℓ and m but different frequencies.
Retaining only the f‐modes (n = 0, ℓ ≥ 2) expected to dominate the time‐dependent part of the external po-
tential, this becomes,
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Φʹ (t) = GM
r
{− ∑

∞

ℓ=2
(
Rs
r
)

ℓ

J ℓ́0Pℓ (cosθ) + ∑
∞

ℓ=2
∑
ℓ

m=2
(
Rs
r
)

ℓ

Pℓm (cosθ)[Cℓ́m0 cos (mϕc
ℓm0)

+ Sℓ́m0 sin (mϕc
ℓm0)]}.

(6)

Note that, unlike Marley and Porco (1993), we denote the associated Legendre polynomials as Pℓm because we
use the real versions of these functions, and this notation is consistent with this approach (Wieczorek &
Meschede, 2018). Note that for f‐modes driving spiral waves in the rings, only values of m ≥ 2 are relevant, so
that we can henceforth neglect retrograde oscillations (negative m) and m = 1. We also neglect m = 0 oscil-
lations in this study, which eliminates the J ℓ́n terms from the equation. While such oscillations could in principle
exist inside the planet and drive axisymmetric waves in rings (Hedman & Nicholson, 2019), no such wave has yet
been attributed to such planetary oscillations.

In addition, we can more explicitly document the time‐dependence of the prograde non‐axisymmetric normal
modes by re‐writing the azimuth angle ϕc

ℓm0 explicitly in terms of ϕ, t, σℓm0, and ϕℓm0. With these changes the
above expression becomes:

Φʹ(t) = GM
r

∑
∞

ℓ=2
∑
ℓ

m=2
(
Rs

r
)

ℓ

Pℓm(cos θ)[Cℓ́m0 cos (mϕ − σℓm0t − mϕℓm0) + Sℓ́m0 sin (mϕ − σℓm0t

− mϕℓm0)]. (7)

Furthermore, this expression can be simplified slightly by choosing the phase parameter ϕℓm0 so that Sℓ́m0 = 0, in
which case we can re‐write it as (Zharkov & Trubitsyn, 1978):

Φʹ(t) = GM
r

∑
∞

ℓ=2
∑
ℓ

m=2
Aℓ́m0 (

Rs
r
)

ℓ

Pℓm(cos θ)cos (mϕ − σℓm0t − mϕℓm0). (8)

While Equation 8 provides a consistent way to express the planet's gravitational field, the Aℓ́m0 coefficients are not
ideal parameters for quantifying the perturbations in the planet's gravity field. In particular, if we use Equation 12
of Marley and Porco (1993) to express these coefficients in terms of the density perturbations ρℓ́m0, we obtain the
following equation:

Aℓ́m0 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4π

2ℓ + 1
(ℓ − m)!
(ℓ + m)!

√

∫

Rs

0

ρℓ́m0(r)rℓ+2

MRℓ
s

dr. (9)

While the integral is a sensible measure of the corresponding perturbation to the planet's internal structure, the
prefactor arises solely from how the spherical harmonics and Legendre polynomials are normalized and can vary
by several orders of magnitude over the range of ℓ and m values observed in Saturn's normal modes.

In this sort of scenario, it is preferable to use the normalized form of the Legendre polynomials P̄ℓm, which are
commonly used in the seismology community (Jekeli, 2007; Song & Kim, 2015; Wieczorek & Meschede, 2018)
and can be derived from the unnormalized Legendre coefficients using the following equation:

P̄ℓm (μ) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(2 − δ0m)(2ℓ + 1)

4π
(ℓ − m)!
(ℓ + m)!

√

Pℓm (μ), (10)

where δ0m is the Kronecker delta function. Note that this specific normalization ensures the corresponding real
spherical harmonics are proper orthonormal functions (Wieczorek & Meschede, 2018).

Re‐writing Equation 8 in terms of these normalized Legendre polynomials, we obtain the following expression:
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Φʹ(t) = GM
r

∑
∞

ℓ=2
∑
ℓ

m=2
(
Rs

r
)

ℓ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4π
(2 − δ0m)(2ℓ + 1)

(ℓ + m)!
(ℓ − m)!

√

Aℓ́m0 P̄ℓm(cos θ)cos (mϕ − σℓm0t − mϕℓm0), (11)

or, more compactly:

Φʹ(t) = GM
r

∑
∞

ℓ=2
∑
ℓ

m=2
(
Rs

r
)

ℓ

A ℓ́m0 P̄ℓm(cos θ)cos (mϕ − σℓm0t − mϕℓm0), (12)

and

Φʹ (t) = GM
r

∑
∞

ℓ=2
∑
ℓ

m=2
(
Rs
r
)

ℓ

A ℓ́m0Yℓm (θ,ϕc
ℓm0) = ∑

∞

ℓ=2
∑
ℓ

m=2
Φℓ́m0(r)Yℓm (θ,ϕc

ℓm0), (13)

where ϕc
ℓm0 is the same (time‐dependent) angle used in Equation 1, and Φℓ́m0(r) are simply a more compact

expression for the spherical harmonic coefficients. Note that the coefficients for this new expansion are given by
the following formula:

A ℓ́m0 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4π

(2 − δ0m)(2ℓ + 1)
(ℓ + m)!
(ℓ − m)!

√

Aℓ́m0, (14)

which means that these coefficients have a much more straightforward relationship with the density perturbations
inside the planet,

A ℓ́m0 =
4π

2ℓ + 1
∫

Rs

0

ρℓ́m0(r)rℓ+2

MRℓ
s

dr. (15)

It is important to note that this particular relationship assumes that the spherical harmonics used in Equations 1
and 13 are both real, which cancels out the factor of 2 − δ0m.

2.2. The Theory of Spiral Density Waves: Linear Density Wave Model

The perturbations to the planet's gravitational field generated by the internal normal modes can generate spiral
density waves within the rings. The observable properties of these waves depend on both the A ℓ́m0 coefficients
derived above and characteristics of the ring such as its surface mass density and effective viscosity (Nicholson
et al., 1990; Shu, 1984; Tiscareno et al., 2007).

Fortunately, a mature theory for such density waves has already been developed for waves generated by the
gravitational perturbations from various satellites (Nicholson et al., 1990; Shu, 1984; Tiscareno et al., 2007), and
this theory can be extended to also apply to waves generated by planetary normal modes (Hedman & Nich-
olson, 2013; Marley & Porco, 1993). Here we summarize key aspects of this model.

Spiral density waves arise at locations that correspond to Lindblad resonances with the perturbation in the
gravitational field. For a perturbation with an azimuthal wavenumber m rotating with a pattern speed ΩP, these
resonances occur where the ring particle's orbital mean motion n and radial epicyclic frequency κ = n − ϖ̇

satisfy the relationship m(n − ΩP) = ±κ = ±(n − ϖ̇), or (m∓ 1)n ± ϖ̇ = mΩP = σℓmn. This expression

yields two different resonant locations, but in practice, it is useful to treat these two solutions as corresponding to
values of m with positive and negative signs (Hedman & Nicholson, 2013). With this notational change, each
resonance corresponds to a location that satisfies the equation (m − 1)n + ϖ̇ = mΩP, which simplifies many of
the following equations. Note that this is simply a convenient convention and does not imply that the mode or the
wave is retrograde, as ΩP is still positive.

The spiral density wave generated at these resonances manifests as fluctuations in the ring's surface mass density
that consist of |m| spiral arms rotating around the planet at a rate of ΩP. The perturbed surface mass density
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σ(r,ϕ, t), normalized to the background surface mass density in areas outside the waves' region, σ0, is represented
by the following expression (Equation B2 in Nicholson et al. (1990)):

σ(r,ϕ, t)
σ0

= 1 +R{ALei(ϕL− π ⁄ 2) [π− 1 ⁄ 2 + 2ξe− iπ ⁄ 2H(ξ)]} e− (ξ ⁄ξD)
3

, (16)

where ϕ and t are the (inertial) longitude and time of observation, respectively. AL is the dimensionless amplitude
factor that depends on the strength of the perturbation in the planet's gravitational field that induces the wave (see
below), while ϕL =

⃒
⃒m
⃒
⃒(ϕ − ΩPt) is the wave phase. ξ is a dimensionless quantity that specifies the distance

from the resonant radius, rL, and it is given by the following expression:

ξ = [
DLrL
4πGσ0

]

1
2

(
r − rL
rL

), (17)

where again G is the gravitational constant, DL = 3|m − 1|n2L + J2 (
Rs
rL
)
2
[212 −

9
2|m − 1|] n2L (Tiscareno

et al., 2007, the second term in DL being a small correction except when m = 1), r is the radial distance from the
center of the planet, rL is the radius of the exact resonance with the perturbation, and nL is the mean motion of ring
particles at that location. n2L ≃ GMP/r3L.H(ξ) = π− 1/2e− iξ2∫ξ

− ∞eiη2dη is a standard Fresnel Integral, and finally ξD
is the dimensionless damping parameter that is sensitive to the effective ring viscosity, ν via the expression:

ν =
9

7ΩLξ3D
(
rL
DL

)

1
2

(2πGσ0)
3
2, (18)

which matches Equation 10 from Nicholson et al. (1990).

Using De Moivre's theorem and the principles of Cauchy's integral calculus (residue theorem) (Abramowitz &
Stegun, 1968; Arfken & Weber, 2005; Thompson, 2011), Equation 16 can be approximated as:

σ(r,ϕ, t)
σ0

= 1 + {ALξ[sgn(m)sgn(ξ) + 1] cos (ϕL − 3π ⁄4 − ξ2)} e
− ( |ξ|ξD

)
3

. (19)

We can therefore express the density variations Δσ = σ − σ0 as:

Δσ(r,ϕ, t)
σ0

= ALξe
− ( |ξ|ξD

)
3

cos (ϕL − 3π ⁄4 − ξ2)[1 + sgn(m)sgn(ξ)], (20)

where the factor of [1 + sgn(m)sgn(ξ)] accounts for the fact that the waves only exist on one side of the
resonance.

Re‐writing the above expression explicitly in terms of r − rL gives:

Δσ(r,ϕ, t)
σ0

= AL
(r − rL)

rf
e
− (|r− rL |ξDrf

)
3

cos(ϕL − 3π ⁄4 − (
r − rL
rf

)

2

) [1 + sgn(m)sgn(
r − rL
rf

)], (21)

where rf = rL
̅̅̅̅̅̅̅̅̅̅
4πGσ0
DLrL

√

and ξDrf is the physical damping length of the wave. So the adjustable parameters of our

density wave model are AL, rL, rf , ξD and the local wave phase ϕL. Note, it is workable to remove a factor of rf
from the signum function, since rf is always positive. Also note that with this particular parametrization, the mean
surface mass density is determined by rf :
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σ0 =
DLr2f
4πGrL

. (22)

Of particular interest for this investigation is the amplitude AL, which is directly proportional to the amplitude of
the driving term in the perturbation, more like a “forcing function” for density waves, which is designated Ψℓ́m in
Marley and Porco (1993) and ΨL in Shu (1984), whose notation we will follow here.

In order to determine the constant of proportionality between AL and ΨL, it is useful to consider a variant of the
amplitude of the surface mass density variations S(r) given in Shu (1984), which can be expressed in our no-
tation as:

S(r)
σ0

= AL
(r − rL)

rf
e
− (|r− rL |rD

)
3

[1 + sgn(m)sgn(r − rL)]. (23)

For comparison, Equation 54 of Shu (1984) says that the amplitude of the surface mass density variation near the
resonance is given by the following expression:

S(r)
σ0

=

̅̅̅̅̅̅̅̅
2π
|ϵ|3

√
|ΨL|

r2L|DL|
(
r − rL
rL

), (24)

where the dimensionless parameter ϵ is given by Equation 45b of Shu (1984):

ϵ =
2πGσ0
rLDL

=
2πGσ0

3|m − 1|n2rL
=

2πσ0r2L
3|m − 1|MP

, (25)

and the second equality is applicable for m≠ 1.

Combining the previous two equations allows us to re‐express the amplitude of the surface mass density vari-
ations as follows:

S(r)
σ0

=
|ΨL|
̅̅̅
π

√
Gσ0rL

(
r − rL
rf

). (26)

Comparing Equations 23 and 26, and recalling that the latter is only applicable where r − rL ≪ rD, means that we
can derive the following relationship between AL and ΨL:

2AL =
ΨL
̅̅̅
π

√
Gσ0rL

, (27)

where the factor of 2 on the left‐hand side of Equation 27 arises from evaluating the signum function. Note that
this expression yields an equation for the wave amplitude that differs by a factor of

̅̅̅̅̅̅̅̅
π/2

√
from Equation 60 in

Hedman et al. (2022), which reflects an error in that paper.

In general, the perturbation ΨL is the following function of the corresponding component of the perturbed po-
tential from Equation 45a of Shu (1984) and Equation 19 of Marley and Porco (1993):

ΨL = r
dΦḿ

dr
± 2|m|Φḿ, (28)

where Φḿ is a component of the perturbed potential in the ring plane derived using an expansion of the following
form:
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Φʹ(r,θ,ϕ, t) =∑
m
Φḿ(r,θ)cos (m(ϕ − ΩPt) + ϕo), (29)

where ΩP is the pattern speed of the perturbation and ϕo is a phase offset. See also Goldreich and
Tremaine (1982).

For a first‐order resonance with a satellite, these terms in the potential can be evaluated in terms of the mass of the
satelliteMs, yielding (Nicholson et al., 1990):

ΨL =
GMs

as
[α

dbm1/2
dα

+ 2mbm1/2], (30)

where as is the semi‐major axis of the satellite, α = rL /as, and bm1/2(α) are Laplace coefficients (Brouwer &
Clemence, 1961; Murray & Dermott, 1999). Hence, for these sorts of resonances, the amplitude of the wave is
given by:

AL =
Ms

2
̅̅̅
π

√
σ0rLas

[α
dbm1/2
dα

+ 2mbm1/2], (31)

while more complex expressions are needed for higher‐order satellite resonances (Tiscareno & Harris, 2018).

For resonances with planetary normal modes, ΨL is proportional to the corresponding spherical harmonic co-
efficient in the planet's gravitational potential. However, we must take care to note the differences in the ex-
pansions used in Equations 13 and 29. Using Equation 20 of Marley and Porco (1993) and Equation 13 above, this
gives:

ΨL = (2|m| + ℓ + 1)Φḿ = (2|m| + ℓ + 1)
GMP

r
(
Rs
r
)

ℓ

A ℓ́m0 P̄ℓm(0), (32)

where the factor of P̄ℓm(0) arises because the spherical harmonic component in Equation 13 needs to be evaluated
in the ring plane to produce each of the terms shown in Equation 29. Hence, for these sorts of resonances, the
amplitude of the wave is:

AL = (2|m| + ℓ + 1)
MP

2
̅̅̅
π

√
σ0r2L

(
Rs

rL
)

ℓ

P̄ℓm(0)A ℓ́m0. (33)

The coefficient of the relevant component of the gravitational potential responsible for generating the wave can
therefore be derived from the wave amplitude using the following formula:

A ℓ́m0 =
2

̅̅̅
π

√
σ0r2L

(2|m| + ℓ + 1)MP P̄ℓm(0)
(
rL
RS
)

ℓ

AL =
3|m − 1|r2f

2
̅̅̅
π

√
(2|m| + ℓ + 1) P̄ℓm(0)r2L

(
rL
RS
)

ℓ

AL, (34)

where the second equality uses Equation 22 to express the mean surface mass density in terms of the observable
parameter rf .

3. Methods

The previous section demonstrates that the observable properties of the density waves (AL, rf ,ξD) depend upon
the amplitudes of the oscillations inside the planet (A ℓ́m0), as well as the local surface mass density (σ0) and
effective viscosity of the rings (ν). Those observable parameters can therefore be used to constrain those physical
properties of the planet and the rings. In this section, we will describe the methods we used to estimate these
parameters for most of the density waves in Saturn's C‐ring. We begin by describing the VIMS occultation data
used for this study in Section 3.1. We then describe the custom wavelet algorithms we used to transform the data
from the individual occultations into high signal‐to‐noise profiles of each wave in Section 3.2. Finally, we
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describe how we fitted these profiles and extracted estimates of relevant parameters and their uncertainties in
Section 3.3.

3.1. Data Acquisition

The raw data for this study are derived from seventy‐seven (77) stellar occultations observed by the Visual and
Infrared Mapping Spectrometer (VIMS) onboard the Cassini spacecraft. Details of the instrument can be found in
Brown et al. (2004) and an overview of the occultation observations of the rings is provided by Nicholson
et al. (2020).

During each occultation, VIMS monitored the brightness of the star as it passed behind the rings as viewed from
the spacecraft, providing a high‐resolution profile of the rings' optical depths. As with previous analyses of these
data (French et al., 2019, 2021; Hedman et al., 2022; Hedman & Nicholson, 2013, 2014, 2019), we use the
appropriate SPICE kernels (Acton, 1996) to convert the timing information encoded with each occultation into
estimates of the radius and (inertial) longitude where the starlight passed through the rings. These calculations
include timing offsets that ensure circular ring features are aligned to within 150 m (French et al., 2017). In
addition, we corrected the radius scale by a factor of δrT to account for the widespread effects of the Titan 1:0
apsidal resonance (Nicholson et al., 2014). Consistent with French et al. (2021), our correction factor was
δrT = − 382 km2 cos (ϕ − ϕT) ⁄ (r − 77861.5 km), where r and ϕ are the observed radius and longitude in the
rings and ϕT is the corresponding longitude of Titan (Nicholson et al., 2014).

After determining the geometry of each occultation, we converted the measured star brightness as a function of
time between 2.87 μm and 3.00 μm into profiles of the transmission through the rings T versus ring radius. Since
VIMS’ response function is highly linear (Brown et al., 2004), we calculated T as the ratio of the observed ring
signal at any radius to the average signal in a region where the star is not blocked by the rings. Also, to facilitate
the following wavelet analysis, all the occultation data are binned and/or interpolated onto a uniform grid of ring
radii sampled every 100 m. These data, along with the corresponding observed times and longitudes, were saved
to a series of standardized files listed in Table B1 that provided the input data into the Python code used for this
analysis.

In order to make the various occultation profiles directly comparable to one another, we first convert the observed
transmission T to normal optical depth τn = − sin |B|ln(T), where B is the ring opening angle to the star. For low
optical depth rings like the C‐ring, τn should be independent of the viewing geometry.

For each wave, we only considered a subset of the available occultations. First of all, we automatically excluded
any occultation where the average normal optical depth in a region near the wave deviates from the median value
of this parameter by more than 0.1 (parameter mthres in Table B1, this removes occultations with problematic
background levels), and any occultation where the maximum radial resolution was above 1 km (parameter rthres
in Table B1). We also examined the remaining optical depth profiles and deliberately excluded occultations with
obvious issues like data gaps, cosmic ray spikes, and occultations where the star was poorly centered in the pixel
which showed an oscillatory signal outside the rings. The specific list of occultations used for each wave is
provided in Tables B2 and B3.

3.2. Wavelet Analysis

Wavelet‐based analysis has already proven to be a useful way to isolate signals from density waves that are not
apparent in individual occultation profiles (Bijaoui, 1999; French et al., 2019, 2021; Guo et al., 2022; Hedman
et al., 2022; Hedman & Nicholson, 2019; Wang & He, 2023). The novel aspect of this particular analysis is that
we are using wavelet‐based tools to obtain high signal‐to‐noise profiles of the waves that can provide useful
estimates of normal mode amplitudes and ring properties. This sort of analysis can be broken down into three
steps. First, we apply a continuous wavelet transform to each occultation profile. Second, we apply appropriate
phase corrections to each wavelet and average the phase‐corrected wavelets together to obtain a single, high
signal‐to‐noise wavelet transform. Third, we transform the average wavelet back into a single high signal‐to‐noise
optical depth profile of the appropriate wave. In order to ensure that the wavelets and the final profile are properly
normalized, we use a dedicated Python script for performing each of these steps, whose algorithms are described
in detail below.

Journal of Geophysical Research: Planets 10.1029/2024JE008710
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3.2.1. The Continuous Wavelet Transformation

Consider a signal y that is a function of ring radius r, say y(r). A continuous wavelet transformation involves
convolving this signal with a normalized wavelet function ψ(r) ∈ L2(R) that has zero average (Burrus
et al., 1998; Daubechies, 1990; Grossmann et al., 1989; Mertins &Mertins, 2001; Pereyra &Ward, 2012; Stein &
Shakarchi, 2011; Torrence & Compo, 1998; Vaidyanathan & Djokovic, 1994), and whose dependence on radius
involves rescaling parameters s and R such that:

ψs,R(r) = f (s)ψ (
r − R
s

). (35)

A common choice for the prefactor f (s) is 1̅̅̅̅
|s|

√ , which ensures all functions with s ∈ R have the same energy

(Burrus et al., 1998; Daubechies, 1990; Grossmann et al., 1989; Mertins &Mertins, 2001; Roy, 2022; Torrence &
Compo, 1998). However, in this case, we are primarily interested in being able to recover a normalized profile
from the wavelet, and so for the sake of accuracy in results and simplicity in that step of the process (see below),
we instead choose f (s) = 1/s. The Continuous Wavelet Transformation of the signal y(r) for a given set of s and
R can therefore be expressed as:

Y(s,R) = 〈y,ψs,R〉 =∫

+∞

− ∞
y(r)ψ∗

s,R(r) dr. (36)

Here, ψ∗
s,R(r) is the complex conjugate of ψs,R(r).

For this particular analysis, we use the standard Morlet wavelet, comprising a plane wave modulated by a
Gaussian (Daubechies, 1992; Farge, 1992; Grossmann et al., 1989; Mertins & Mertins, 2001; Pereyra &
Ward, 2012; Stein & Shakarchi, 2011; Torrence & Compo, 1998):

ψ(r) = π− 1/4eiω0re− r
2/2, (37)

where ω0 = 6 is a dimensionless frequency that satisfies the admissibility condition (Farge, 1992; Grossmann
et al., 1989; Mertins & Mertins, 2001; Pereyra & Ward, 2012; Stein & Shakarchi, 2011; Torrence &
Compo, 1998). The value of 6 for this parameter, ω0, has been a standard choice in previous analyses of waves in
Saturn's rings (Hedman & Nicholson, 2013; Tiscareno et al., 2007).

Note that while Morlet wavelets lack compact support, they are infinitely differentiable. This property makes
them ideal for multiresolution analysis through dilation and translation, which is precisely why they are often used
in this context.

In practice, computing convolutions for all the required values of s and R is slow, so our algorithm instead uses
Fast Fourier Transforms (FFTs) to compute the required wavelet transformations. That is, we first evaluate the
FFT of y(r), which we can designate ŷ(k). Then for each spatial scale s we multiply this transform by the Fourier
Transform of the Morlet wavelet:

ψ̂(sk) = π− 1/4e− (sk− ω0)
2
/2. (38)

Finally, we perform the inverse FFT on each of these products ŷ(k) ψ̂(sk), which yields the desired wavelet
transform Y(s,R), so long as we choose f (s) = 1/s in Equation 35.

3.2.2. Phase‐Correcting the Wavelet Transforms

Transforming the occultation profiles into wavelets enables us to account for the variable phases of the density
waves among the different profiles. The wavelet derived from profile i is a complex array that can be expressed as
(Hedman & Nicholson, 2019),

Yi (s,R) = YieiφL,i , (39)
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where Yi and φL,i are real quantities. For the signals from the density waves, the wavelet phase is equivalent to the
wave phase in Equation 21, so φL,i = ϕL,i − 3π ⁄4 − (R − rL)2⁄r2f with ϕL,i =

⃒
⃒m
⃒
⃒(ϕi − ΩPti), where ϕi and ti

are the observed longitude and time for the specific occultation and ΩP is the pattern speed of the wave. Note that
for a stable density wave, ϕL,i is the only part of Yi that should vary from occultation to occultation, with both Yi

and the radius‐dependent part of φL,i being constant among all the occultations.

Since the longitudes ϕi and times ti are known quantities for each occultation, and the values of m and ΩP have
been determined for each wave, we can estimate ϕL,i for each wavelet transform of each wave, and compute the
corresponding phase‐corrected wavelet as:

Y
ϕ
i (s,R) = Yi (s,R)e− iϕL,i = Yiei(φL,i − ϕL,i). (40)

Since φL,i − ϕL,i should be the same for all the occultation profiles, the wave signal should be preserved in the
average phase‐corrected wavelet:

Y
ϕ
(s,R) =

1
N
∑
N

i=1
Y

ϕ
i (s,R). (41)

By contrast, any signal without similar phase attributes will average to zero, so this quantity should isolate the
wave signal from both background trends and fluctuations due to noise in each profile (Hedman &
Nicholson, 2019).

3.2.3. Reconstructing a Single Profile From the Average Phase‐Corrected Wavelet

A profile can be reconstructed from the average phase‐corrected wavelet using a variety of techniques (Cal-
derón, 1964; Pereyra & Ward, 2012; Roy, 2022; Stein & Shakarchi, 2011; Torrence & Compo, 1998).

In this particular situation, this reconstruction is best done using a version of Morlet's technique (Farge, 1992;
Roy, 2022). This yields the following expression for the reconstructed profile:

ȳϕ(R) =C ∫

∞

0
R(Ȳ

ϕ
(s,R))

ds
s
, (42)

where C =
̅̅
2

√

π1/ 4ω0. See Appendix A for a detailed calculation showing that this formula yields the required
normalization for the wave profile.

In practice, we evaluate this integral by computing the wavelet for a series of uniformly spaced scales si between
0.001 and 15 km with spacing Δs and calculating the discrete sum:

ȳϕ(R) =
̅̅̅
2

√

π1/4
ω0∑

i
R(Ȳ

ϕ
(si,R))

Δs
si
. (43)

The finite range of scales used in this sum acts to filter out residual signals at very long and short wavelengths, but
does not significantly affect the wave signal itself.

3.3. Wave‐Fitting Routine

The final step of our analytical procedures is to fit the reconstructed wave profile and extract estimates of the
relevant ring parameters and gravitational harmonic amplitudes.

3.3.1. Fitting Wave Parameters

Equation 21 provides an explicit prediction for the fractional variations in the ring's surface mass density Δσ/σ0,
though the occultation data do not directly measure this quantity. However, if we make the common assumption
that the normal optical depth of the ring is directly proportional to the surface mass density τn = κσ, then
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Δσ/σ0 = Δτn/τ0, where Δτn/τ0 are the fractional variations in the optical depth due to the wave and κ is known
as the ring's mass extinction coefficient. In practice, this quantity corresponds to the ratio of the profile ȳϕ(r)
derived in the previous subsection to the average normal optical depth profile τ̄n(r). Hence, for most of the
reconstructed waves, we estimate Δτn/τ0 as ȳϕ(r)/ τ̄n(r). However, two of the waves (W74.51 and W76.46) fall
very close to the edges of narrow gaps (French et al., 2019, 2021) where the mean ring optical depth is zero and so
the above ratio becomes ill‐defined. For these two waves, we instead estimate Δτn/τ0 as ȳϕ(r)/τav, where τav is
the radially averaged value of the τ̄n(r) profile within the wave.

If we denote the fractional optical depth variations as y and the radial displacements from the nominal resonance
location as x − xr, then we can fit these data to the following function using the scipy.optimize.cur-
ve_fit program in the Scipy Python package (Virtanen et al., 2020) using the Trust Region Reflective Method
(TRF) (Dennis & Schnabel, 1996; Gill et al., 2019; Moré & Sorensen, 1983; Nocedal & Wright, 2006; Press
et al., 1986):

y(x) = AL
(x − xr)

rf
e
− (|x− xr |ξDrf

)
3

cos(ϕL − 3π ⁄4 − (
x − xr
rf

)

2

) [1 + sgn(m)sgn(
x − xr
rf

)], (44)

where m is assumed to be the appropriate signed value for each wave, and AL, xr, rf , ξD, and ϕL are all fit pa-
rameters. xr is the correction to the resonance radius rL. In order to ensure fit convergence, we impose bounds on
each of these parameters for each wave (see Table B4 for the values used for each wave).

We then use the above fit parameters to compute the following physical parameters:

Ring surface mass density, σ0.

This parameter is given explicitly by Equation 22, which can be re‐written approximately (for a case when
m≠ 1) as:

σ0 ≃
3|m − 1|MPr2f

4πr4L
, (45)

where m is the azimuthal order of the wave, and rL is the resonant radius of the wave. MP is the mass of Saturn
(here taken to be 5.6846 × 1026 kg).

Ring mass extinction coefficient, κ.

This parameter is simply the ratio of the normal optical depth to the surface mass density:

κ =
τav
σ0

, (46)

where σ0 is given by the above formula and τav is the average normal optical depth in the region containing the
wave. This parameter provides useful information about particle properties beyond those captured by σ0 (see
below).

Ring kinematic viscosity, ν.

This parameter is given by Equation 18, which can be re‐expressed in terms of ξD and σ0 (for a case when m≠ 1)
by making substitutions for DL and nL,

ν =
9

7ξ3D

⎛

⎜
⎜
⎜
⎜
⎝

Gr7L
M2

P [3|m − 1| + J2(Rs/rL)2 ( 212 −
9
2|m − 1|)]

⎞

⎟
⎟
⎟
⎟
⎠

1
2

(2πσ0)
3
2, (47)

where we assume G = 6.674 × 10− 11m3kg− 1s− 2, Rs = 60330 km (nominal radius for Saturn) and
J2 = 0.01629 (Jacobson, 2022).
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Potential Disturbance ΨL and Saturn's normal mode amplitude, A ℓ́m0.

Finally, the potential disturbance and the normal mode amplitude coefficient can be derived from the parameter
AL and the background surface mass density σ0 using Equations 27 and 34. More specifically, the potential
disturbance is given by the following formula:

ΨL = 2
̅̅̅
π

√
ALGσ0rL. (48)

For those waves generated by normal modes inside the planet, Equation 34 is used.

3.3.2. Error Estimation

Estimating uncertainties on these various parameters is nontrivial because the phase‐corrections and averaging of
occultation profiles with different resolutions introduces correlations among the data points that are difficult to
model. We therefore instead estimate the uncertainties in these parameters using a variant of bootstrap resam-
pling. Bootstrap resampling is a powerful statistical technique that involves drawing multiple samples from the
observed data to simulate a distribution of parameter values or estimate the uncertainty or variability in a
parameter without relying on assumptions about the underlying population distribution (Benke et al., 2018;
Bevington & Robinson, 2003; Chernick, 2008; Davison & Hinkley, 1997; Efron & Tibshirani, 1994; Iskander &
Zoubir, 2004).

We initially considered independent resampled data sets consisting of disjoint sets of occultations, but we found
that the signal‐to‐noise for certain waves was too low for us to obtain sensible estimates on the fit parameters from
such samples.

We therefore instead chose to consider data sets that excluded a relatively small fraction of the occultations. Let
Y = {y1,y2,… ,yn} represent the original occultation data set. We then generated data sets that excluded the
occultation profiles yi where i mod 4 or i mod 5 had each possible value j, which we designate as Yj.

For each of these data setsYj, we generate a phase‐corrected average profile and fit it to obtain estimates of all the
fit parameters AL, xr, rf , ξD, and ϕL. Let us denote a generic parameter derived from a fit to data set Yj as ϑ∗

j .

After obtaining the parameter estimates ϑ∗
j for all resampled data sets, we can calculate the mean ( ϑ̄∗

) and
standard deviation (ς∗) of these estimates using the standard formulas:

ϑ̄∗
=

1
Nj

∑

Nj

j=1
ϑ∗
j , (49)

and

ς∗ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
Nj − 1

∑

Nj

j=1
(ϑ∗

j − ϑ̄∗
)
2

√
√
√
√ . (50)

For this analysis, we use ς∗ to estimate the uncertainty in our various parameters. Note that we use the standard
deviation and not the standard error of the mean because the sample data sets Yj are not independent and so their
dispersion represents how much the parameters can change due to excluding small fractions of the data. Also note
that our final estimate of the parameters is the value derived from the full data set Y and not ϑ̄∗.

Finally, we can use the standard error propagation formulas (Benke et al., 2018; Bevington & Robinson, 2003;
Luo & Yang, 2017; Taylor, 1982; Weisstein, 2000) to translate the estimates and uncertainties in the various fit
parameters into uncertainties for the physical parameters σ0,κ,ν,ΨL and A ℓ́m0. Designating the set of fit
parameter estimates as ϑk and their uncertainties as σϑk, and assuming the covariance among the fit parameters is
negligible, the uncertainty for a generic physical parameter w is given by:
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σw
w

≈

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑
n

k=1
(
∂w
∂ϑk

)

2

(
σϑk
ϑk

)

2
√
√
√

, (51)

where the relevant derivatives are evaluated using the formulas above.

4. Results
This section describes the results of our wave analysis. Section 4.1 examines the waves generated by resonances
with Saturn's various moons, which serve to validate our procedures. Section 4.2 then provides a brief overview of
the waves generated by planetary normal modes.

4.1. Validating Procedures With Waves Generated by Satellite Resonances

There are six mean‐motion resonances with satellites that generate reasonably clear density waves within the C‐
ring (Tiscareno & Harris, 2018). In order of distance from Saturn's center, these are the Mimas 4:1, Pan 2:1, Atlas
2:1, Prometheus 4:2, Mimas 6:2, and Pandora 4:2. We can therefore compare our derived estimates of gravita-
tional perturbations ΨL for these waves with theoretical predictions and compare our derived estimates of the
ring's local surface mass density and viscosity with previous estimates (Baillié et al., 2011; Hedman et al., 2022).
These comparisons allow us to validate our procedures and therefore have more confidence in the parameters
derived from the planetary normal mode resonances.

Figure 1 illustrates the average profiles generated by the procedures described in Section 3 for the Atlas 2:1 wave.
The top plot shows the normal optical depth profile derived from the phase‐corrected average wavelet ȳϕ. The
middle plot represents the background average normal optical depth profile τ̄n associated with the signal. Finally,
the bottom plot shows the ratio of the above two profiles, which corresponds to the fractional optical depth
variations Δτn/ τ̄n associated with the wave. Note that the background optical depth variations are absent from the
top profile because the phase‐corrected average eliminates those trends, while the signal from the wave itself is
suppressed in the τ̄n profile due to how those profiles were averaged. This is already evidence that our techniques
can properly isolate the wave signals.

Figure 2 shows profiles of the fractional optical variations associated with all six of the satellite‐generated waves,
along with the corresponding best‐fitting linear density wave model described in Section 3.3. The fit parameters
for these models, along with assumed values of the pattern speed and the resonant radii, are provided in Table 3.
Finally, Figure 3 shows the corresponding background optical depth profiles for these waves.

In all cases, the linear models match the data quite well. The one exception is perhaps the Mimas 4:1 wave, where
the model shows a longer wavelength than the data after the first two cycles. This is most likely because the ring's
optical depth rises steeply across this wave (see Figure 3), which may correspond to a surface mass density
gradient across the wave that is not captured by our model. It is worth pointing out that while we used a radially
variable τ̄n(r) to normalize the observed τ, the fitted model assumes a constant value of σ0, which may not be
appropriate in this case (see Equation 45).

Finally, we can compare the physical parameters derived from these fits to earlier measurements and theoretical
predictions. Table 1 compares our estimates of the ring's surface mass density σ0 and effective viscosity
(parameterized in terms of the dimensionless damping length ξD) with the values obtained by Baillié et al. (2011)
and Hedman et al. (2022). Meanwhile, Table 2 compares our estimates of the gravitational perturbation ΨL with
the predicted values computed using the formulas for the satellite torques in Tiscareno and Harris (2018) and
using current masses for the satellites (Cooper et al., 2015; Jacobson, 2022; Thomas & Helfenstein, 2020). These
torques were then converted to potentials using the following equation (Hedman et al., 2022),

ΨL =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3|m − 1|n2L
|m|π2

⃒
⃒
⃒
⃒
T

σ0

⃒
⃒
⃒
⃒

√

, (52)

where n2L = GMP/r3L.
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Table 1 shows that our estimates of the ring's surface mass density and dimensionless damping lengths are broadly
consistent with previously published values. For the Mimas 6:2 and Pandora 4:2 waves, our values for both these
parameters are within 20% of the previously published values. Similarly, our estimate of the surface mass den-
sities for the Atlas 2:1 and Prometheus 4:2 waves are consistent with the value derived in Baillié et al. (2011) and
Hedman et al. (2022), respectively. The biggest discrepancies visible in this table are that our surface mass density
value from the Mimas 4:1 wave is about twice the Baillié et al. (2011) value, while the damping lengths for the
Mimas 4:1 and Atlas 2:1 waves are about half the Baillié et al. (2011) values. These differences may in part be due
to the steep optical depth gradients underlying these waves (see Figure 3), which may be causing localized
variations in the ring properties that are not accounted for by standard models that assume the background surface
mass density is constant. This could cause the two fits to yield different parameter values if they have different
sensitivities to different parts of the wave. Taking the discrepancies among these different estimates as a rough
estimate of their overall accuracy, we can say that our estimates of the ring parameters are probably accurate to
within a factor of around 2 in regions with strong optical depth gradients, and to within about 20% in other regions.

Figure 1. (Top) The optical depth profile derived from the average phase‐corrected wavelet of the Atlas 2:1 wave ȳϕ (Middle). The average optical depth profile τ̄n of
this same region (Bottom). The fractional optical depth variations derived from the ratio of the above two profiles.
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Regarding the perturbation amplitudes, Table 2 shows a remarkable degree of consistency between our esti-
mates of these parameters and the theoretical predictions. While the term in the potential responsible for each
wave has minimal uncertainty because the masses of the satellites are well measured, the relationship between
the gravitational potential amplitude and the wave amplitude assumes that the ring has a uniform background
surface mass density, responds linearly to the perturbation, and that the Fresnel integral can be well approx-
imated by a cosine. All these assumptions and approximations could potentially affect the estimates of the
gravitational potential amplitudes, but the data from the satellite waves indicate that these factors do not
dramatically alter these numbers. While the Mimas 4:1 and Atlas 2:1 are again the waves that show the largest
discrepancies, they are only 23% and 33% off from predictions, respectively. The other waves yield amplitudes
within 15% of predictions. This demonstrates that our procedures do provide robust estimates of the gravita-
tional perturbations and suggests that under a wide range of conditions we can reliably estimate these am-
plitudes to within 40%.

Figure 2. Reconstructed fractional optical depth profiles of the C‐ring density waves generated by satellite resonances (in blue), along with best‐fit wave models (in
black). Note the models fit the data well in all cases.

Journal of Geophysical Research: Planets 10.1029/2024JE008710

AFIGBO ET AL. 16 of 53

 21699100, 2025, 4, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2024JE

008710 by U
niversity O

f Idaho L
ibrary, W

iley O
nline L

ibrary on [15/05/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



4.2. Parameters for the Waves Generated by Resonances With Planetary Normal Modes

The above analysis of the satellite‐driven waves shows that our model and the real occultation data are consistent
and likely produce sensible estimates of both the ring's properties and the amplitudes of the perturbing potentials.
We can therefore confidently apply these techniques to the spiral density waves excited by Saturn.

Figures 4–7 compare the reconstructed profiles of the 29 currently known density waves generated by planetary
normal modes, along with our best‐fit linear density wave models. Meanwhile Figures 8–11 show the background
optical depth variations underlying each of these waves. Interestingly, these often show a peak in optical depth
just interior to a dip that is just interior to the resonance location (marked with a dotted line), a pattern that could
reflect the torques applied by the wave on the rings (Borderies et al., 1986, 1989; Shu et al., 1985; Tajeddine
et al., 2017). The wave‐fit parameters and assumed values of m, pattern speed, and resonant radius are all
tabulated in Table 3, while the derived ring parameters are given in Table 5 and the estimated amplitudes of the
planetary normal modes are provided in Table 6.

Figure 3. The background optical depth profiles of the C‐ring density waves shown in Figure 2.
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We were unable to fit the wave designated W74.75. As can be seen in Figure 4, the signal‐to‐noise on this wave
was the lowest of all the detected features. While there is a peak in the profile that is likely associated with this
wave, we found that when we tried to fit this feature, the fit parameters were extremely sensitive to slight changes
in the assumed parameter ranges. Also, when we removed selected profiles to estimate uncertainties in the fit
parameters, we found the fits were even more unstable. We therefore do not regard these fits as reliable and so do
not consider this wave further.

For all of the other waves, we observe at least one wave cycle and are able to obtain reasonably stable fits.
However, we should note that we only observe one wave cycle with W74.74, W74.76, and W75.14, while
W74.51, W76.02, W76.46, W77.34, W78.51, W79.55 and W81.33 only show about 1.5 cycles. Since many of
these waves are also found on top of relatively sharp optical depth gradients, the fit parameters for these waves
could be more uncertain than their formal error bars suggest. On the other hand, W80.49, W81.43, and W84.15
show two or more wave cycles with relatively low signal‐to‐noise, so we expect that our estimated uncertainties
for these waves will be more accurate.

For the stronger waves, W76.44, W79.04, W81.023, W81.024, W81.96, W82.01, W83.09, W83.63 are all fit by
the linear density wave model very well throughout their entire extent. By contrast, the fits to waves W80.99,
W82.06, W82.21, W84.64 and W87.19 begin to depart from the observed profiles on the inner edges of these
waves. This is probably partially due to the steep optical depth gradients underlying these waves. It is also
possible that some of these waves are strong enough that they may be nonlinear. Both of these phenomena could
potentially introduce some additional systematic uncertainties in the fit parameters.

We can estimate themagnitudes of any systematic uncertainties in our parameter estimates by considering selected
pairs of waves that should measure the same parameters. First of all, the waves W81.023 and W81.024 are two
waves with very differentm‐values and pattern speeds that overlap each other, and so should give the same values
for the ring's surfacemass density and effective viscosity. Indeed, the surfacemass densities derived fromW81.023
and W81.024 are 2.52 ± 0.29 and 3.07 ± 0.04 g/cm2, respectively, and the corresponding viscosity values are
14.9± 3.9 and 17.1± 1.8 cm2/s. Both these numbers agree to within 20% and therefore demonstrate that for these

Table 1
Table of Values Comparing Estimates of Ring Properties Derived Using Details From Spiral Density Waves Excited by Saturn's Satellite Resonances

Resonance name rL (km) m

ξD σ0 (g/cm2)

This work (Baillié et al., 2011) This work (Baillié et al., 2011) (Hedman et al., 2022)
Mimas 4:1 74890.070 2 2.796 ± 0.065 4.23 1.060 ± 0.431 0.58 ± 0.09 –

Pan 2:1 85105.020 2 4.370 ± 0.209 – 1.780 ± 0.032 – –

Atlas 2:1 87645.680 2 2.253 ± 0.072 5.42 0.250 ± 0.013 0.22 ± 0.03 –

Prometheus 4:2 88434.120 3 5.803 ± 0.078 – 1.274 ± 0.015 – 1.42 ± 0.41

Mimas 6:2 89884.000 3 4.861 ± 0.148 6.61 1.151 ± 0.057 1.31 ± 0.20 1.28 ± 0.01a

Pandora 4:2 89893.680 3 6.915 ± 0.115 6.69 1.460 ± 0.003 1.42 ± 0.21 1.28 ± 0.01a

aThis is the average surface mass density of the region containing both waves.

Table 2
Estimates of Gravitational Potential From Theoretical Model for Spiral Density Waves Excited by Saturn's Satellite
Resonances

Resonance name Radial range (km) rL (km) m Ψḿ,d (m2s− 2) Ψḿ,p (m2s− 2)
Mimas 4:1 74880.00–74895.00 74890.07 2 0.043118 ± 0.028284 0.035125

Pan 2:1 85090.00–85130.00 85105.02 2 0.005607 ± 0.000662 0.005273

Atlas 2:1 87640.00–87650.00 87645.68 2 0.009018 ± 0.000873 0.006767

Prometheus 4:2 88420.00–88440.00 88434.12 3 0.001895 ± 0.000064 0.001717

Mimas 6:2 89870.00–89890.00 89884.00 3 0.003265 ± 0.000312 0.003209

Pandora 4:2 89887.00–89897.00 89893.68 3 0.002374 ± 0.000114 0.002755

Note. The subscripts “d” and “p” in Ψḿ,d and Ψḿ,p represent “data” and “predicted,” respectively.
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Table 3
Data for Wave‐Fitting Routine for Satellite and Non‐Satellite Resonances

Wave ID Radial range (km) rL (km) ℓ m ΩP (
o
/day) AL ξD ϕL (rad) xr(km) rf (km)

Mimas 4:1 74880.00–
74895.00

74890.070 – 2 762.988 0.2296 ±
0.0304

2.7964 ±
0.0650

− 4.1833 ±
0.8610

2.6076 ± 1.1094 1.5673 ±
0.3184

Pan 2:1 85090.00–
85130.00

85105.020 – 2 626.032 0.0156 ±
0.0018

4.3698 ±
0.2086

− 0.5997 ±
0.1444

1.6271 ± 0.1274 2.623 ± 0.0234

Atlas 2:1 87640.00–
87650.00

87645.680 – 2 598.312 0.1737 ±
0.0093

2.2532 ±
0.0719

− 0.7984 ±
0.1046

0.3587 ± 0.0665 1.0435 ±
0.0267

Prometheus
4:2

88420.00–
88440.00

88434.120 – 3 782.128 0.0071 ±
0.0002

5.8033 ±
0.0784

0.2515 ± 0.2233 0.4825 ± 0.0919 1.6943 ±
0.0098

Mimas 6:2 89870.00–
89890.00

89884.000 – 3 762.977 0.0133 ±
0.0007

4.8613 ±
0.1481

− 1.7239 ±
0.6202

1.2506 ± 0.3037 1.6639 ±
0.0411

Pandora 4:2 89887.00–
89897.00

89893.680 – 3 762.852 0.0076 ±
0.0004

6.9149 ±
0.1152

3.0367 ± 0.0554 0.2389 ± 0.0157 1.8740 ±
0.0021

W74.51av 74501.00–
74509.00

74506.900 12 − 8 1697.339 0.7321 ±
0.1108

2.1456 ±
0.1342

4.6659 ± 0.7724 0.3166 ± 0.2853 0.7195 ±
0.0721

W74.74 74736.00–
74743.00

74739.850 15 13 1390.843 0.1425 ±
0.0154

2.0611 ±
0.0807

0.7970 ± 0.2314 − 0.6040 ±
0.0518

0.4427 ±
0.0121

W74.75 74746.00–
74748.00

74748.300 11 11 1369.932 – – – – –

W74.76 74752.00–
74762.00

74756.600 19 − 11 1638.389 0.1256 ±
0.0019

2.0489 ±
0.0221

− 4.4533 ±
0.1133

0.3150 ± 0.0155 0.3780 ±
0.0046

W75.14 75142.00–
75144.00

75143.000 16 − 10 1638.983 0.2850 ±
0.0506

1.7833 ±
0.1584

0.8287 ± 2.1398 0.4988 ± 0.1288 0.5115 ±
0.0326

W76.02A 76016.00–
76018.00

76018.100 13 − 9 1626.530 0.5925 ±
0.0948

1.9168 ±
0.1019

1.4467 ± 0.1950 0.7582 ± 0.0547 0.9133 ±
0.0270

W76.44 76433.00–
76436.00

76435.400 2 − 2 2169.260 0.2385 ±
0.0216

2.5803 ±
0.1171

4.9082 ± 0.1986 0.1663 ± 0.0828 0.9174 ±
0.0218

W76.46av 76457.00–
76462.00

76459.500 9 − 7 1657.720 0.1277 ±
0.0254

2.8263 ±
0.2237

1.9068 ± 0.7003 0.9266 ± 0.1985 0.7791 ±
0.0359

W77.34 77337.00–
77339.00

77338.900 14 − 10 1569.078 0.1607 ±
0.0151

2.3072 ±
0.0942

− 1.6493 ±
0.0813

0.1831 ± 0.0181 0.5413 ±
0.0112

W78.51 78503.00–
78509.00

78506.750 15 − 11 1521.410 0.4304 ±
0.0240

1.7504 ±
0.0707

− 1.0106 ±
0.2709

0.0731 ± 0.0379 0.6044 ±
0.0119

W79.04 79039.00–
79045.00

79042.300 11 − 9 1533.336 0.0918 ±
0.0098

2.5458 ±
0.0967

2.4913 ± 0.1622 0.2571 ± 0.0559 0.7867 ±
0.0157

W79.55 79546.00–
79550.00

79548.920 16 − 12 1481.152 0.0741 ±
0.0023

2.4900 ±
0.0706

− 2.051 ± 0.2579 0.3061 ± 0.0996 0.6337 ±
0.0266

W80.49 80484.00–
80488.00

80486.100 17 − 13 1446.654 0.0391 ±
0.0089

2.4988 ±
0.2456

4.7554 ± 0.9148 0.4563 ± 0.3338 0.8404 ±
0.0765

W80.99 80983.00–
80989.00

80986.150 4 − 4 1660.363 0.1788 ±
0.0047

3.4663 ±
0.0285

3.1083 ± 0.0592 0.2776 ± 0.0214 1.5785 ±
0.0036

W81.023A 81018.00–
81030.00

81023.100 5 − 5 1593.630 0.0466 ±
0.0071

3.0439 ±
0.2059

− 1.7411 ±
0.7521

− 0.1020 ±
0.3434

1.1566 ±
0.0657

W81.024B 81018.00–
81030.00

81024.150 13 − 11 1450.495 0.0609 ±
0.0031

2.8584 ±
0.1010

− 1.0549 ±
0.1058

0.4127 ± 0.0371 0.9022 ±
0.0055

W81.33 81333.00–
81336.00

81334.275 18 − 14 1416.734 0.0392 ±
0.0043

2.1636 ±
0.1663

1.5506 ± 0.4063 0.1597 ± 0.2460 0.7242 ±
0.0896

W81.43 81420.00–
81430.00

81429.550 6 − 6 1538.237 0.0202 ±
0.0010

2.6967 ±
0.0339

2.1199 ± 0.2241 0.7123 ± 0.2484 1.2235 ±
0.0769

W81.96 81959.00–
81965.00

81962.450 7 − 7 1492.457 0.0257 ±
0.0003

3.1679 ±
0.0621

− 1.7799 ±
0.2438

− 0.2557 ±
0.0941

1.2142 ±
0.0188
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Table 3
Continued

Wave ID Radial range (km) rL (km) ℓ m ΩP (
o
/day) AL ξD ϕL (rad) xr(km) rf (km)

W82.01 82004.00–
82009.00

82007.750 3 − 3 1736.645 0.1037 ±
0.0013

3.7869 ±
0.0097

− 0.7882 ±
0.0280

− 0.2753 ±
0.0219

1.9370 ±
0.0046

W82.06 82055.00–
82065.00

82059.400 3 − 3 1734.999 0.2172 ±
0.0036

3.7664 ±
0.0354

− 0.9522 ±
0.1419

0.2334 ± 0.1503 2.5493 ±
0.0279

W82.21 82187.50–
82207.51

82207.500 3 − 3 1730.293 0.2610 ±
0.0047

3.5927 ±
0.0536

− 0.8118 ±
0.0626

0.4771 ± 0.0728 1.9758 ±
0.0167

W82.53 82510.00–
82530.00

82528.750 8 − 8 1454.224 0.0116 ±
0.0034

3.4267 ±
0.4323

0.5827 ± 0.1901 0.1471 ± 0.0352 1.0587 ±
0.0167

W82.61 82606.00–
82608.00

82607.750 15 − 13 1390.843 0.0225 ±
0.0032

2.6792 ±
0.1388

− 1.6474 ±
0.2423

0.4970 ± 0.1359 1.0241 ±
0.0373

W83.09 83086.00–
83096.00

83090.650 9 − 9 1421.844 0.0422 ±
0.0008

2.8842 ±
0.0643

− 4.0288 ±
0.0836

− 0.2030 ±
0.0480

1.1956 ±
0.0120

W83.63 83612.02–
83637.02

83632.020 10 − 10 1394.056 0.2903 ±
0.0117

2.6202 ±
0.0493

− 0.9250 ±
0.0847

0.3441 ± 0.0381 1.0515 ±
0.0061

W84.15 84140.00–
84150.00

84147.100 11 − 11 1369.910 0.0151 ±
0.0038

3.0965 ±
0.1972

1.0096 ± 0.5604 0.2688 ± 0.2613 0.9923 ±
0.0696

W84.64 84630.00–
84650.00

84643.200 2 − 2 1860.752 0.1882 ±
0.0038

3.9241 ±
0.0400

1.2028 ± 0.0865 0.3489 ± 0.0872 2.0113 ±
0.0151

W87.19 87170.00–
87210.00

87192.800 2 − 2 1779.548 0.0513 ±
0.0017

5.2747 ±
0.0285

− 4.4093 ±
0.1868

0.3865 ± 0.0869 1.8036 ±
0.0114

Table 4
Data Table for the Effective Average Ring Particle Size and Bulk Particle Density (From Planetary Normal Modes, Satellite
Resonances and Planetary Anomalies)

Wave ID Radial range (km) rL (km) ℓ m sav (cm) ρ (g/cm3)
Mimas 4:1 74880.00–74895.00 74890.070 – 2 40.294 0.5745 ± 0.2334

Pan 2:1 85090.00–85130.00 85105.020 – 2 91.446 0.1772 ± 0.0032

Atlas 2:1 87640.00–87650.00 87645.680 – 2 81.445 0.0374 ± 0.0019

Prometheus 4:2 88420.00–88440.00 88434.120 – 3 70.739 0.0559 ± 0.0006

Mimas 6:2 89870.00–89890.00 89884.000 – 3 70.627 0.0359 ± 0.0018

Pandora 4:2 89887.00–89897.00 89893.680 – 3 85.632 0.0353 ± 0.0001

W74.51av 74501.00–74509.00 74506.900 12 − 8 95.615 0.2863 ± 0.0574

W74.74 74736.00–74743.00 74739.850 15 13 81.588 0.2583 ± 0.0142

W74.75 74746.00–74748.00 74748.300 11 11 – –

W74.76 74752.00–74762.00 74756.600 19 − 11 61.597 0.3220 ± 0.0078

W75.14 75142.00–75144.00 75143.000 16 − 10 84.539 0.3743 ± 0.0476

W76.02A 76016.00–76018.00 76018.100 13 − 9 102.938 0.4865 ± 0.0288

W76.44 76433.00–76436.00 76435.400 2 − 2 54.423 0.4702 ± 0.0223

W76.46av 76457.00–76462.00 76459.500 9 − 7 83.817 0.5745 ± 0.0530

W77.34 77337.00–77339.00 77338.900 14 − 10 96.522 0.2335 ± 0.0097

W78.51 78503.00–78509.00 78506.750 15 − 11 82.209 0.3033 ± 0.0120

W79.04 79039.00–79045.00 79042.300 11 − 9 78.589 0.2615 ± 0.0104

W79.55 79546.00–79550.00 79548.920 16 − 12 94.430 0.1926 ± 0.0162

W80.49 80484.00–80488.00 80486.100 17 − 13 74.474 0.3171 ± 0.0577

W80.99 80983.00–80989.00 80986.150 4 − 4 91.103 0.3112 ± 0.0014
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waves the systematic uncertainties in these parameters (such as those due to background surface mass density
gradients and nonlinearities in the wave) are relatively small. While these are among the waves that best fit the
linear densitywavemodel, small discrepancies between themodel and the data can still be seen in the leftmost cycle
of eachwave, so this demonstrates that such discrepancies are unlikely to have large effects on these fit parameters.

The other pair of waves worth considering in this context is W74.74 andW82.61, both generated by a planetary f‐
mode with ℓ = 15 and m = 13 (French et al., 2021). These waves should therefore yield the same normal mode
amplitude A ℓ́m0. In actuality, the amplitude derived from W74.74 is (0.49 ± 0.06) × 10− 10 while that derived
fromW82.61 is (1.79 ± 0.24) × 10− 10. These numbers therefore differ from each other by roughly a factor of 3–
4. In this context, we note that W74.74 is one of the waves that is most likely to exhibit systematic errors, and so
we conclude that in the worst case, our uncertainties in the normal mode amplitudes may be as large as a factor of
3–4. However, given that W74.74 is one of the most difficult waves to fit, we expect that systematic uncertainties
for most of the other waves are substantially smaller than this. Indeed, for the stronger waves, these uncertainties
are almost certainly less than 40% given the above results for the satellite‐generated waves.

5. Discussion
The above analysis provides over 30 estimates of the C‐ring's surface mass density and effective viscosity, as well
as almost 30 normal mode amplitudes. While detailed studies of these measurements will likely require further
investigation, we will discuss some implications of these measurements for the rings and the planet below.

5.1. Radial Trends in Ring Properties Across the C‐Ring

Figure 12 provides an overview of the ring parameters derived from both the satellite and planetary waves
analyzed in this study. The top panel shows the normal optical depth, τn, derived from a single VIMS occultation,

Table 4
Continued

Wave ID Radial range (km) rL (km) ℓ m sav (cm) ρ (g/cm3)

W81.023A 81018.00–81030.00 81023.100 5 − 5 85.714 0.2162 ± 0.0246

W81.024B 81018.00–81030.00 81024.150 13 − 11 85.714 0.2631 ± 0.0032

W81.33 81333.00–81336.00 81334.275 18 − 14 98.924 0.2136 ± 0.0529

W81.43 81420.00–81430.00 81429.550 6 − 6 93.934 0.2745 ± 0.0345

W81.96 81959.00–81965.00 81962.450 7 − 7 100.599 0.2194 ± 0.0068

W82.01 82004.00–82009.00 82007.750 3 − 3 83.185 0.2641 ± 0.0012

W82.06 82055.00–82065.00 82059.400 3 − 3 90.544 0.4893 ± 0.0107

W82.21 82187.50–82207.51 82207.500 3 − 3 96.428 0.3030 ± 0.0051

W82.53 82510.00–82530.00 82528.750 8 − 8 97.855 0.2151 ± 0.0068

W82.61 82606.00–82608.00 82607.750 15 − 13 108.356 0.2580 ± 0.0188

W83.09 83086.00–83096.00 83090.650 9 − 9 111.853 0.2133 ± 0.0043

W83.63 83612.02–83637.02 83632.020 10 − 10 88.431 0.3397 ± 0.0039

W84.15 84140.00–84150.00 84147.100 11 − 11 92.044 0.2528 ± 0.0355

W84.64 84630.00–84650.00 84643.200 2 − 2 59.946 0.4586 ± 0.0069

W87.19 87170.00–87210.00 87192.800 2 − 2 97.924 0.0890 ± 0.0011

PA1 84200.00–84300.00 84250.000 – 3 92.433 0.1632 ± 0.0347

PA2 84780.00–84880.00 84830.000 – 3 94.220 0.0284 ± 0.0004

PA3 85660.00–85760.00 85710.000 – − 1 69.724 0.0405 ± 0.0064

PA4 86380.00–86470.00 86425.000 – 3 103.402 0.0218 ± 0.0013

PA5 86520.00–86600.00 86560.000 – 3 52.903 0.0227 ± 0.0059

PA6 86750.00–86850.00 86800.000 – 3 73.326 0.2146 ± 0.0616

Note. PA1 to PA6 represent the planetary anomalies featured in (Hedman et al., 2022), Table 2 therein.
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Figure 4. Reconstructed fractional optical depth profiles of the C‐ring density waves generated by planetary normal modes (in blue), along with best‐fit wave models (in
black). Note that no fit could be performed for W74.75.
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Figure 5. Reconstructed fractional optical depth profiles of the C‐ring density waves generated by planetary normal modes (in blue), along with best‐fit wave models (in
black).
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Figure 6. Reconstructed fractional optical depth profiles of the C‐ring density waves generated by planetary normal modes (in blue), along with best‐fit wave models (in
black).
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while the second panel shows our estimates of the surface mass density, σ0. The third panel shows the ratio of the
above two quantities, κ = τn/σ0, which is the mass extinction coefficient. Finally, the bottom panel shows the
estimated ring viscosity, ν.

The surface mass density shows a generally increasing trend from around 1 g/cm2 at 74,000 km to around 4 g/cm2

at 82,000 km. On top of this overall trend, there are a couple of notable high points around 76,000 km and
82,000 km, which correspond to the waves W76.02 andW82.06, respectively. By contrast, exterior to 82,000 km,
there is a somewhat steady decrease in surface mass density out to around 90,000 km, where the surface mass
density falls back to around 1 g/cm2.

We can better understand the implications of these large‐scale trends in the ring's surface mass density by
considering the corresponding trends in the ring's mass extinction coefficient κ, which quantifies the efficiency of
light extinction per unit mass. Figure 12 shows that κ is relatively constant around 0.03 cm2/g between the radial
range of 74,000 km to 85,000 km. However, exterior to 85,000 km, κ is typically much larger, reaching values as

Figure 7. Reconstructed fractional optical depth profiles of the C‐ring density waves generated by planetary normal modes (in blue), along with best‐fit wave models (in
black) (continuation).
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Figure 8. Background optical depth profiles of the C‐ring density waves shown in Figure 4.
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Figure 9. Background optical depth profiles of the C‐ring density waves shown in Figure 5.
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Figure 10. Background optical depth profiles of the C‐ring density waves shown in Figure 6.
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high as 0.3 cm2/g. Note that most of these high opacities are in regions of elevated optical depths called plateaux,
but the Atlas 2:1 wave yields a comparably high κ despite not being in a plateau.

This change in the ring's mass extinction coefficient reflects a dramatic change in either the mass density or the
typical size of the particles in the ring. If the ring particles have a mass density ρ and the differential number
density of those ring particles per unit ring area is given by the function n(s), then the surface mass density of the
rings is given by:

σ0 =∫
4π
3
ρs3n(s)ds. (53)

In addition, so long as the optical depth is sufficiently low, τn is just the total cross section per unit ring area of all
the ring particles:

Figure 11. Background optical depth profiles of the C‐ring density waves shown in Figure 7.
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τn =∫ πs2n(s)ds. (54)

Hence the mass extinction coefficient is given by the ratio, assuming density is independent of particle size,

κ =
3∫ s2n(s)ds
4ρ∫ s3n(s)ds

. (55)

Table 5
Data Table for Average Optical Depth, Surface Mass Density Mass Extinction Coefficient and Viscosity for Satellite Resonances and Planetary Normal Modes

Wave ID Radial range (km) rL (km) ℓ m τav σ0 (g/ cm2) κ = τav
σ0
( cm2/g) ν( cm2/s)

Mimas 4:1 74880.00–74895.00 74890.070 – 2 0.0343 1.0598 ± 0.4306 0.0324 ± 0.0132 9.5348 ± 5.8497

Pan 2:1 85090.00–85130.00 85105.020 – 2 0.0824 1.7798 ± 0.0317 0.0463 ± 0.0008 8.5279 ± 1.2422

Atlas 2:1 87640.00–87650.00 87645.680 – 2 0.0617 0.2504 ± 0.0128 0.2462 ± 0.0126 3.6411 ± 0.4465

Prometheus 4:2 88420.00–88440.00 88434.120 – 3 0.2417 1.2740 ± 0.0148 0.1898 ± 0.0022 1.7960 ± 0.0792

Mimas 6:2 89870.00–89890.00 89884.000 – 3 0.3409 1.1512 ± 0.0569 0.2961 ± 0.0146 2.7785 ± 0.3269

Pandora 4:2 89887.00–89897.00 89893.680 – 3 0.3619 1.4596 ± 0.0033 0.2479 ± 0.0006 1.3788 ± 0.0691

W74.51av 74501.00–74509.00 74506.900 12 − 8 0.0562 2.0519 ± 0.4112 0.0274 ± 0.0055 18.9263 ± 6.7063

W74.74 74736.00–74743.00 74739.850 15 13 0.0364 1.0228 ± 0.0560 0.0356 ± 0.0020 6.5820 ± 0.9439

W74.75 74746.00–74748.00 74748.300 11 11 0.0292 – – –

W74.76 74752.00–74762.00 74756.600 19 − 11 0.0282 0.7451 ± 0.0181 0.0378 ± 0.0009 4.1699 ± 0.2034

W75.14 75142.00–75144.00 75143.000 16 − 10 0.0290 1.2248 ± 0.1559 0.0237 ± 0.0030 14.1703 ± 4.6450

W76.02A 76016.00–76018.00 76018.100 13 − 9 0.0508 3.3898 ± 0.2005 0.0150 ± 0.0009 57.3702 ± 10.4715

W76.44 76433.00–76436.00 76435.400 2 − 2 0.0294 1.0040 ± 0.0477 0.0293 ± 0.0014 7.0243 ± 1.0797

W76.46av 76457.00–76462.00 76459.500 9 − 7 0.0300 1.9283 ± 0.1778 0.0156 ± 0.0014 8.7552 ± 2.4059

W77.34 77337.00–77339.00 77338.900 14 − 10 0.0407 1.2226 ± 0.0508 0.0333 ± 0.0014 7.2156 ± 0.9917

W78.51 78503.00–78509.00 78506.750 15 − 11 0.0471 1.5661 ± 0.0619 0.0301 ± 0.0012 24.1692 ± 3.2607

W79.04 79039.00–79045.00 79042.300 11 − 9 0.0785 2.1517 ± 0.0859 0.0365 ± 0.0015 14.1891 ± 1.8271

W79.55 79546.00–79550.00 79548.920 16 − 12 0.0729 1.7691 ± 0.1486 0.0412 ± 0.0035 10.1429 ± 1.5421

W80.49 80484.00–80488.00 80486.100 17 − 13 0.1015 3.1977 ± 0.5818 0.0318 ± 0.0058 24.4831 ± 9.8382

W80.99 80983.00–80989.00 80986.150 4 − 4 0.1040 3.9304 ± 0.0179 0.0265 ± 0.0001 21.3265 ± 0.5456

W81.023A 81018.00–81030.00 81023.100 5 − 5 0.1023 2.5274 ± 0.2871 0.0405 ± 0.0046 14.8562 ± 3.9362

W81.024B 81018.00–81030.00 81024.150 13 − 11 0.1023 3.0758 ± 0.0373 0.0333 ± 0.0004 17.0547 ± 1.8346

W81.33 81333.00–81336.00 81334.275 18 − 14 0.0866 2.4399 ± 0.6039 0.0355 ± 0.0088 25.1908 ± 11.0098

W81.43 81420.00–81430.00 81429.550 6 − 6 0.0941 3.2342 ± 0.4063 0.0291 ± 0.0037 29.1486 ± 5.6024

W81.96 81959.00–81965.00 81962.450 7 − 7 0.1205 3.5465± 0.1096 0.0340 ± 0.0011 19.7645 ± 1.4795

W82.01 82004.00–82009.00 82007.750 3 − 3 0.1537 4.5032 ± 0.0213 0.0341 ± 0.0002 23.4128 ± 0.2449

W82.06 82055.00–82065.00 82059.400 3 − 3 0.1317 7.7803 ± 0.1703 0.0169 ± 0.0003 54.1606 ± 2.3422

W82.21 82187.50–82207.51 82207.500 3 − 3 0.1191 4.6401 ± 0.0784 0.0257 ± 0.0004 28.9210 ± 1.4883

W82.53 82510.00–82530.00 82528.750 8 − 8 0.1052 2.9511 ± 0.0930 0.0356 ± 0.0011 11.4504 ± 4.3673

W82.61 82606.00–82608.00 82607.750 15 − 13 0.1148 4.2788 ± 0.3115 0.0268 ± 0.0020 33.6675 ± 6.3952

W83.09 83086.00–83096.00 83090.650 9 − 9 0.1279 4.0696 ± 0.0820 0.0314 ± 0.0006 30.2127 ± 2.2168

W83.63 83612.02–83637.02 83632.020 10 − 10 0.0842 3.3740 ± 0.0390 0.0250 ± 0.0003 29.6733 ± 1.7528

W84.15 84140.00–84150.00 84147.100 11 − 11 0.1031 3.1983 ± 0.4486 0.0322 ± 0.0045 16.2324 ± 4.6136

W84.64 84630.00–84650.00 84643.200 2 − 2 0.0875 3.2086 ± 0.0483 0.0273 ± 0.0004 16.3015 ± 0.6194

W87.19 87170.00–87210.00 87192.800 2 − 2 0.1972 2.2912 ± 0.0290 0.0861 ± 0.0011 4.4932 ± 0.1122
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If we assume the particles follow a power‐law size distribution with index q (i.e., n(s) ∝ s− q) that is cut‐off at a
minimum size smin and a maximum size smax, then this ratio can be represented as follows (for a case when q≠ 3)
(Baillié et al., 2011; Jerousek et al., 2020; Zebker et al., 1985; Zhang et al., 2017):

κ =
3(4 − q)
4(3 − q)

(
s3− qmax − s3− qmin

s4− qmax − s4− qmin
)
1
ρ
=

3
4sav

1
ρ
, (56)

where sav is the effective average ring particle size, and is given as:

sav =
(3 − q)
(4 − q)

s4− qmax − s4− qmin

s3− qmax − s3− qmin
. (57)

Table 6
Data Table for Saturn's Normal Mode Amplitude (Aʹ

ℓm0) Values and Corresponding Oscillation Frequencies for Each
Planetary Resonance

Wave ID Radial range (km) rL (km) ℓ m ΩP(
o
/day) σℓ|m|0 ⁄ 2π = |m|ΩP ⁄ 2π (μHz) A ℓ́m0 × 10− 10

W74.51av 74501.00–74509.00 74506.900 12 − 8 1697.339 436.556 4.402 ± 1.106

W74.74 74736.00–74743.00 74739.850 15 13 1390.843 581.303 0.495 ± 0.060

W74.75 74746.00–74748.00 74748.300 11 11 1369.932 484.476 –

W74.76 74752.00–74762.00 74756.600 19 − 11 1638.389 579.416 0.922 ± 0.026

W75.14 75142.00–75144.00 75143.000 16 − 10 1638.983 526.933 2.210 ± 0.483

W76.02A 76016.00–76018.00 76018.100 13 − 9 1626.530 470.636 8.769 ± 1.496

W76.44 76433.00–76436.00 76435.400 2 − 2 2169.260 139.483 0.366 ± 0.037

W76.46av 76457.00–76462.00 76459.500 9 − 7 1657.720 373.070 0.579 ± 0.127

W77.34 77337.00–77339.00 77338.900 14 − 10 1569.078 504.459 1.283 ± 0.132

W78.51 78503.00–78509.00 78506.750 15 − 11 1521.410 538.047 6.614 ± 0.452

W79.04 79039.00–79045.00 79042.300 11 − 9 1533.336 443.671 0.882 ± 0.101

W79.55 79546.00–79550.00 79548.920 16 − 12 1481.152 571.428 1.943 ± 0.174

W80.49 80484.00–80488.00 80486.100 17 − 13 1446.654 604.629 2.809 ± 0.816

W80.99 80983.00–80989.00 80986.150 4 − 4 1660.363 213.523 1.147 ± 0.030

W81.023A 81018.00–81030.00 81023.100 5 − 5 1593.630 256.176 0.201 ± 0.038

W81.024B 81018.00–81030.00 81024.150 13 − 11 1450.495 512.968 1.675 ± 0.087

W81.33 81333.00–81336.00 81334.275 18 − 14 1416.734 637.672 3.268 ± 0.886

W81.43 81420.00–81430.00 81429.550 6 − 6 1538.237 296.726 0.126 ± 0.017

W81.96 81959.00–81965.00 81962.450 7 − 7 1492.457 335.877 0.209 ± 0.007

W82.01 82004.00–82009.00 82007.750 3 − 3 1736.645 167.499 0.834 ± 0.012

W82.06 82055.00–82065.00 82059.400 3 − 3 1734.999 167.341 3.026 ± 0.083

W82.21 82187.50–82207.51 82207.500 3 − 3 1730.293 166.887 2.188 ± 0.054

W82.53 82510.00–82530.00 82528.750 8 − 8 1454.224 374.026 0.098 ± 0.029

W82.61 82606.00–82608.00 82607.750 15 − 13 1390.843 581.303 1.788 ± 0.284

W83.09 83086.00–83096.00 83090.650 9 − 9 1421.844 411.411 0.629 ± 0.017

W83.63 83612.02–83637.02 83632.020 10 − 10 1394.056 448.189 4.706 ± 0.197

W84.15 84140.00–84150.00 84147.100 11 − 11 1369.910 484.469 0.310 ± 0.089

W84.64 84630.00–84650.00 84643.200 2 − 2 1860.752 119.646 1.389 ± 0.035

W87.19 87170.00–87210.00 87192.800 2 − 2 1779.548 114.425 0.305 ± 0.011

Note. Aℓ́m0 was computed at n = 0, which corresponds to f‐modes.
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Note that sav does not exactly equal the effective average particle size aeff used in previous analyses of occultation
statistics (J. E. Colwell et al., 2018; Jerousek et al., 2020; Showalter & Nicholson, 1990) because the definitions of
aeff and sav involve different moments of the particle size distribution. Specifically, aeff depends on the fourth
moment of the particle size distribution, rather than the third moment used in the computation of σ0, and so tends
to be somewhat larger than sav.

The roughly constant values of κ interior to 85,000 km therefore imply the particles in this part of the ring have
roughly the same mass density and average particle size. On the other hand, the much higher values of κ seen in
the outer C‐ring imply a greatly reduced average particle size and/or typical particle mass density.

Fortunately, prior work provides a means to independently estimate the typical particle sizes across the C‐ring. In
particular, Jerousek et al. (2020) fit Cassini occultation data obtained by multiple instruments at ultraviolet
through radio wavelengths in order to estimate the power‐law size distribution parameters q, smin, and smax. These
parameters can then be used to compute the effective particle size in Equation 57. In practice, Jerousek
et al. (2020) evaluated these parameters in 10‐km wide regions in the C‐ring, so we simply evaluated sav at lo-
cations closest to each of the waves. The resulting values can be found in Table 4. Note that throughout the entire
C‐ring the effective average particle size ranges between 40 and 110 cm, and does not show strong trends with
radius (see also Figure 13).

We then used these sav values and the estimates for κ in our work to compute the C‐ring particle density ρ. Table 4
shows the results from the implementation of the procedure described above in this sub‐section, while Figure 13
illustrates these variations across the C‐ring.

Between 74,500 km and 84,000 km, we find that the typical particle densities range between 0.2 g/cm3 and 0.6 g/
cm3, with most of the numbers being around 0.3 g/cm3. However, between 84,000 and 89,000 km most of the
particle density estimates are much lower, with the outermost four satellite waves and four of the anomaly
generated waves (Hedman et al., 2022) in this region giving typical particle densities between 0.02 and 0.06 g/
cm3. The innermost wave that shows such a low particle density is the wave designated PA2, which exists in close
proximity to regions exhibiting much higher particle densities. In this case the differences in particle densities
could arise because PA2 occurs in a plateau while other nearby waves occur in the background C ring. By

Figure 12. A panel of plots showing the average optical depth, surface mass density, mass extinction coefficient, and
viscosity for satellite resonances and planetary normal modes, including planetary anomalies fromHedman et al. (2022). The
trace of the normal optical depth in the first panel is sourced from OPUS (Outer Planets Unified Search), a service of the
Ring‐Moon Systems Node of NASA's Planetary Data System (PDS).
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contrast, the waves outside 87,000 km all yield low particle densities regardless of whether they are found in
plateaux or the background C ring.

Assuming the particles in the C‐ring are composed primarily of water ice (Miller et al., 2024; Zhang et al., 2017,
2019), our estimates of the particle densities interior to 84,000 km indicate that in this region the particles have
porosities ranging between 40% and 80%. This is consistent with earlier analyses of the ring's radio‐wave scat-
tering properties that indicated the C‐ring particles had porosities around 75% (Zhang et al., 2017, 2019). More
remarkably, our data indicates that between 84,000 km and 90,000 km the porosity of the ring particles is typically
of order 95%, comparable to the porosity of freshly fallen, wind‐blown snow (Clifton et al., 2008).

It is important to note that uncertainties in the C‐ring's particle size distribution can influence these estimates of
the particle densities and porosities. Recently, Green et al. (2024) analyzed Ultraviolet Imaging Spectrograph
(UVIS) occultation data statistics that are more sensitive to larger particles than the wavelength‐dependent optical
depths used by Jerousek et al. (2020). Both studies show good agreement for the power‐law exponent (q) and
minimum particle radius (amin) . However, in their studies of specific regions within the background C ring, Green
et al. (2024) achieved a better fit by incorporating an “ankle” into the size distribution. This ankle increases the
number density of particles with radii between abend and amax. Assuming parameters consistent with the average
background C ring parameters, this bent power law yields opacities approximately half as large as those found by
Jerousek et al. (2020), implying the particle densities should be increased by roughly a factor of two. Doubling the
derived average particle density in the inner C ring yields a particle density of roughly around 0.6 g/cm3, cor-
responding to porosities of 40%. A factor of two increase in particle density in the outer C ring also remains
consistent with extremely low‐density particles with ∼90% porosity.

Another notable trend that supports the idea that the particles in the outer C‐ring are extremely porous involves
our estimates of the ring's effective kinematic viscosity ν. As shown in Figure 12, there is a strong decrease in the
viscosity in the same region where the opacity rises and the inferred particle density drops. For low optical depth
rings like the C‐ring, ν depends on the root‐mean square random velocity of the ring particles, c, via the following
equation (Araki & Tremaine, 1986; J. Colwell et al., 2009; Wisdom & Tremaine, 1988),

ν = k1
c2

n
(

τ
1 + τ2

) + k2nD2τ. (58)

Figure 13. Plot showing trends in the C‐ring's average effective particle size (Jerousek et al., 2020) and inferred average
particle mass density as a function of radius across the rings.
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Here, ν signifies the kinematic viscosity, τ represents the local normal optical depth, n stands for the orbital mean
motion, andD denotes the particle diameter. The constants k1 and k2 are characteristic coefficients typically on the
order of unity. The sharp decrease in viscosity around 84,000 km therefore implies a similarly large decrease in
the random velocities of the ring particles. Extremely porous particles would likely have extremely low co-
efficients of restitution (Toyoda et al., 2024), which would naturally reduce the velocity dispersion of the ring
particles (Hedman et al., 2018; Schmidt et al., 2009). The reasons behind and implications of the extremely low
particle density and viscosity in the outer C‐ring remain unclear and warrant further investigation in future
studies.

In addition, Figure 12 shows significant radial gradients in viscosity throughout the entire C ring. Generally,
viscosity gradients in planetary rings are expected to influence radial mass transport (Daisaka et al., 2001; Sega
et al., 2024; Stewart et al., 1984). Further studies of these viscosity gradients using appropriate long‐term evo-
lution codes that include viscous processes (Estrada & Durisen, 2023; Estrada et al., 2015; Salmon et al., 2010)
could therefore provide new insights into the long‐term evolution of the structure and surface mass density
distribution of the C ring.

5.2. Planetary Normal Mode Spectrum

Figure 14 shows plots of the normal mode amplitudes for Saturn A ℓ́m0 derived from the observed density waves
versus the angular degree ℓ and oscillation frequency, color coded by ℓ − |m|, which is the number of latitudes
where the mode has zero amplitude (see Section 2 above). This figure shows that the observed normal mode
amplitudes range between 10− 9 and 10− 11, and that the normal mode amplitude is a complex function of both ℓ
and ℓ − |m|.

Working from left to right in these plots, we can first note that the modes with ℓ = 2,3,4 and oscillation fre-
quencies below 220 μHz include relatively high amplitudes in excess of 10− 10. By contrast, all the modes with
ℓ = 5,6, 7,8 (which have frequencies between 250 and 400 μHz) all have rather low amplitudes around
1 − 2 × 10− 11. Note that the only modes we have data on, with these low ℓ modes, have ℓ − |m| = 0 because
most of the modes with other values of ℓ − |m| would produce resonances interior to the C‐ring's inner edge. For
ℓ> 9, by contrast, we detected modes with a range of ℓ − |m| values. Interestingly, the strongest detectable
modes between ℓ = 10 and ℓ = 19 have amplitudes that are either comparable to or even exceed those with
ℓ< 5. Also, in this same ℓ range, the dominant signal seems to transition from the sectoral ℓ − |m| = 0 modes to
the ℓ − |m| = 4 modes. In addition, none of the ℓ − |m| = 2 modes in this range appear to be as strong as the
strongest ℓ − |m| = 0 or ℓ − |m| = 4 waves (With only a single wave generated by each of the ℓ − |m| = 6
and 8 modes, the trends involving those sorts of modes are still obscure).

While theoretical work will be needed to fully understand these trends in Saturn's normal mode amplitudes,
preliminary insights can be gleaned from the relationship between our measured amplitudes and the effective
radial depth probed by each mode. In particular, we consider the mode kinetic energy density ρ|v⃗|2, where v⃗ is the
velocity perturbation vector associated with a given mode and ρ is the local background density in the planet.
Integrating this quantity over the volume of the planet gives the kinetic energy of the mode. The top panels of
Figure 15 show mode energy densities, weighted by r2 from the spherical volume element, as a function of
equatorial radius coordinate in a representative Saturn interior model fromMankovich et al. (2023). These include
equatorially symmetric (even ℓ − m) prograde modes spanningm = 2 − 14 and ℓ = 2 − 22, calculated using
the code developed by (Dewberry et al., 2021). The interior model is stably stratified in the region 0< r< 0.65Req

and hence hosts g‐modes, one of which (ℓ = m = 2, n = 1) is included in Figure 15; the remainder are f‐modes.
To assign a characteristic depth to each of these modes, we compute its “energy midpoint radius,” that is, the
radius at which the mode energy integral reaches half its total value. Energy midpoint radii are marked by circular
symbols in the top panels of Figure 15.

If we plot our normal mode amplitudes versus these nominal mode energy midpoints, we see that most of the data
points fall along a trend where the amplitude increases as the mode energy midpoint approaches the planet's
surface. This suggests that these modes are probably being generated by processes operating at fairly shallow
depth. This shallow source of excitation could include various atmospheric processes like impacts and storms
(Markham & Stevenson, 2018; Wu & Lithwick, 2019). In that context, it is important to note that the highest
amplitude modes have mode energy midpoints between 0.92 and 0.95, which corresponds to depths between
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3,000 and 8,000 km, and pressures of order 104–105 bars (Kaspi et al., 2020). This is within the region of the
planet that likely exhibits differential rotation (Galanti et al., 2019; Iess et al., 2019; Mankovich et al., 2023), and
is much greater than the expected penetration depth of cometary impactors (Boslough et al., 1994). However, the
pressures at this depth could be comparable to the expected depth of the “rock storms” that have been proposed to
excite normal mode oscillations inside Jupiter and Saturn (Markham & Stevenson, 2018).

At the same time, the sectoral modes with ℓ = m = 2,3,4 all fall well above the trend one would expect based
on extrapolating from the ℓ> 5 modes. Importantly, the energy profiles for all these modes exhibit local maxima
within 0.3 planetary radii of Saturn's center. This correlation suggests that these modes may be excited deep inside
the planet, perhaps in the stably stratified layer responsible for producing the multiple ℓ = m = 2,3 modes
(Mankovich & Fuller, 2021).

The physical process behind such a deep excitation mechanism is not clear. In the Mankovich and Fuller (2021)
model, these deep layers are stably stratified principally by a strong heavy element gradient, and the highly
uncertain helium gradient following from H‐He immiscibility may also play a role (Fortney & Hubbard, 2003). In
either case, a deep source of mode excitation may involve fluid instabilities associated with the double‐diffusive
configuration established by the competing temperature and composition gradients in this region. This deep

Figure 14. Plots showing Saturn's normal‐mode amplitudes Aℓ́mn (from Equation 34) as a function of either angular degree ℓ (top) or oscillation frequency σℓ|m|0 ⁄ 2π
(from Table 6) (bottom). Note that at ℓ = 2,3 and frequencies less than 200 μHz, the f‐modes are apparently influenced by interactions with g‐modes, and hence n = 0
is something of an oversimplification (see text).
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source of excitation may also be sensitive to the distribution of heavier elements deep inside Saturn since it is the
molecular weight gradient in the diffuse core that makes it stable against convection and able to support g‐modes,
unlike the outer convective regions. Note that the relatively low amplitude of the ℓ = m = 5 mode also extends
fairly deeply into the planet, so this mode may also help constrain where and how these deeper modes are excited.

We note that the amplitudes we infer from observations of m = 2,3 waves may be sensitive to the fact that in
rapidly rotating planets, gravitational perturbation produced by a single oscillation mode is not strictly limited to a
single spherical harmonic. Instead, modes in rapid rotators (like Saturn) can involve simultaneous perturbations in
multiple spherical harmonic degrees (Dewberry et al., 2021). This coupling across spherical harmonics is weak
for fundamental oscillation modes with high values of ℓ and m, so we do not expect it to significantly affect our

Figure 15. (Top) Plots of the relative mode energy versus radius within Saturn for a variety of planetary normal modes within a representative model for Saturn's interior
from (Mankovich & Fuller, 2021). Curves are color‐coded by ℓ − |m| and modes with higher ℓ are more strongly concentrated near the planet's surface. Points on each
curve mark the mode energy mid‐point. Form = 2 we show the n = 1 g‐mode (dashed line) in addition to the f‐mode (Bottom). Observed normal mode amplitudes versus
predicted mode energy mid‐point radii (One panel covering the entire planet while the other shows a zoom‐in on the region between 0.75Rs to 1.0Rs). Note that most of the
data fall along a clear trend where the mode amplitude increases with proximity to the planet's surface. The exceptions to this trend correspond to modes with ℓ = 2 − 4,
which all extend deep inside the planet. Note that the three m = 3 waves are expected to stem from three Saturn modes with distinct spatial structures; here these are all
plotted with the energy midpoint radius ∼0.77Rs corresponding to this model's ℓ = |m| = 3 f‐mode.
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interpretation of the majority of the ring wave amplitudes. The same may not be true for the multiple m = 2 and
m = 3 waves with closely spaced frequencies, the leading explanation for which involves higher degree gravito‐
inertial modes that commonly have more complicated structure (Dewberry et al., 2021; Friedson et al., 2023;
Fuller, 2014; Mankovich & Fuller, 2021). However, we highlight that if some of the observed m = 2,3 modes
with finely split frequencies were to involve higher degree gravitational perturbations at Saturn's surface, the fall‐
off of gravitational potentials as (R/r)ℓ+1 in the external vacuum implies that our estimates of amplitudes for such
modes would be lower bounds. The possible involvement of higher degree gravito‐inertial modes therefore only
strengthens our finding that Saturn's deeper seated oscillations exhibit at least an order of magnitude larger
amplitudes than might be expected from the trend observed for higher degrees.

6. Conclusions
This study of density waves in Saturn's C‐ring has provided new insights into both the planet's interior and its
rings. We identify interesting trends in the ring's surface mass density and effective viscosity which suggest that
the particles in the outer C‐ring have extremely low mass densities and extremely high porosities. At the same
time, trends in the amplitudes of the planetary normal modes indicate that two different mechanisms are
responsible for exciting these oscillations, one that operates deep in Saturn's interior and another that occurs
within a few thousand kilometers of its surface. Additionally, we have observed systematic differences in the
amplitudes of modes with different latitudinal wave numbers (the combination ℓ − |m| of spherical harmonic
degree ℓ and order m). These differences suggest that the oscillations' latitudinal structure may play a significant
role in their excitation mechanisms.

Appendix A: Derivation of the Reconstruction Constant,C
The following procedures outline the steps involved in the determination of the constant used in the signal
reconstruction,C . To start with, using a normal convolution technique on a given signal, Y(R), we could evaluate
the FFT as,

Ỹ(k) =∫

+∞

− ∞
Y(R)eikR dR. (A1)

Performing the inverse FFT on the signal Ỹ(k), and using the products ŷ(k) ψ̂(sk), can yield the desired wavelet
transform Ỹ(s, r) (Torrence & Compo, 1998). This can take the form of the actual convolution outlined below as,

Ỹ(s, r) =
1
2π
∫

+∞

− ∞
Ỹ(k) ψ̂(sk)e− ikr dk. (A2)

We can express the integral Equation A2 in terms of the integral components of Equation A1 as given below,

Ỹ(s, r) =
1
2π
∫

+∞

− ∞
Y(R)∫

+∞

− ∞
e− ik(r− R)π− 1/4e− (sk− ω0)

2
/2 dk dR. (A3)

We can simplify this to have it in the form below,

Ỹ(s, r) =
1

2π5/4
∫

+∞

− ∞
Y(R){∫

+∞

− ∞
e− ik(r− R)e− (sk− ω0)

2
/2 dk} dR. (A4)

Here, let I1 = ∫+∞
− ∞ e− ik(r − R)e− (sk − ω0)

2/2 dk in Equation A4. This expression can be simplified and rephrased
as I1 = ∫+∞

− ∞ e− 1
2[2ik(r − R) + (sk − ω0)

2] dk.

The terms in square brackets can be simplified further by completing the squares, as described below,

[2ik(r − R) + (sk − ω0)
2
] = {sk − [ω0 −

i(r − R)
s

]}

2

+
2iω0(r − R)

s
+
(r − R)2

s2
. (A5)
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By substituting the simplified expression for Equation A5 into the I∞ integral expression, including rearranging
for terms not dependent on k, we have it as,

I1 = e−
iω0 (r− R)

s e−
1
2
(r− R)2

s2 ∫

+∞

− ∞
e−

1
2{sk− [ω0 −

i(r− R)
s ]}

2

dk. (A6)

Taking α = sk − [ω0 −
i(r − R)

s ] , and working through the steps algebraically, this results in,

I1 = e−
iω0 (r− R)

s e−
1
2
(r− R)2

s2 s− 1∫
+∞

− ∞
e−

α2
2 dα =

̅̅̅̅̅
2π

√
e−

iω0 (r− R)
s e−

1
2
(r− R)2

s2 s− 1. (A7)

Recall, from Equation A4, we make substitutions for I1, which become,

Ỹ(s, r) =
1
̅̅̅
2

√
π3/4

∫

+∞

− ∞
Y(R)e−

iω0 (r− R)
s e−

1
2
(r− R)2

s2 s− 1 dR. (A8)

To properly reconstruct the equivalent of the original signal, we use a model that scales as,

Yʹ(r) =C ∫

+∞

0
Ỹ(s, r)

ds
s
. (A9)

In terms of the ingredients for Equation A8, we rewrite and rearrange Equation A9 as in the format,

Yʹ(r) = C
̅̅̅
2

√
π3/4

∫

+∞

− ∞
Y(R){∫

+∞

0
e−

iω0 (r− R)
s e−

1
2
(r− R)2

s2
ds
s2
} dR. (A10)

Here, we take I2 = ∫+∞
0 e−

iω0 (r − R)
s e−

1
2
(r − R)2

s2 ds
s2 . Assume t = 1

s , we can substitute into I2, which becomes,

I2 =∫

+∞

0
e− iω0t(r− R)e−

1
2[t(r− R)]

2
dt (A11)

At this point, we would like to further express Equation A11 to best fit a variant of standard integrals. Let
ϱ = t(r − R). This implies that Equation A11 becomes, I2 = 1

(r − R)I3, where I3 = ∫+∞
0 e− iω0ϱe− 1

2ϱ
2 dϱ. To

resolve I3, we use the concept of contour integration, specifically along a rectangular contour as described in
Figure A1 (Abramowitz & Stegun, 1968; Arfken & Weber, 2005).

Given the complex function f (z) = e− 1
2z

2 , it possesses several notable properties, but we are going to mention a
few that are required for this procedure. For a start, f (z) is an entire function, meaning it is holomorphic
everywhere in the complex plane.

Additionally, f (z) is not periodic; the exponential function e− 1
2z

2 does not repeat values in a regular interval for any
non‐zero coefficient of z2. The growth of f (z) depends on the coefficient of z2 (or the real part of such coefficient,
if it were a complex number). Since the coefficient of z2 is greater than zero, f (z) rapidly decays to zero as
|z| → ∞ in all directions.

Importantly, f (z) = e− 1
2z

2 has no zeros in the complex plane, as the exponential function is never zero for any
finite z. Using the Cauchy‐Goursat theorem, we can say that,

∮C f (z) dz =∫
Γ1

f (z) dz +∫
ψ1

f (z) dz +∫
Γ2

f (z) dz +∫
ψ2

f (z) dz, (A12)

where ∮C f (z) dz = 0, according to the aforementioned theorem, Cauchy‐Goursat (Abramowitz & Stegun, 1968;
Arfken&Weber, 2005). Next, we consider the four length segments of the given rectangular contourwith the given
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conditions, C : {z = x | − R ≤ x ≤ R}∪ {z = R + iy | 0 ≤ y ≤ ω0}∪ {z = x + iω0 | − R ≤ x ≤ R}∪
{z = − R + iy | 0 ≤ y ≤ ω0} . By substituting into Equation A12, this becomes,

0 =∫

ω0

0
e−

1
2(R+iy)

2
idy +∫

− R

R
e−

1
2(x+iω0)

2
dx +∫

0

ω0

e−
1
2(− R+iy)

2
idy +∫

R

− R
e−

1
2x

2
dx. (A13)

From Equation A13, we can eliminate the line segments Γ1 and Γ2 by doing the following: using the integral for
Γ2, we use the reflection of the variable, say y → − y. This implies,
− ∫0

− ω0
e− 1

2(− R+ − iy)
2
idy = − ∫

ω0
0 e− 1

2(R+ iy)2 idy, which shows both line segments have the same magnitude but
opposite direction of contour navigation. Now, we substitute into Equation A13, with regards to the following
condition,

0 = lim
R→∞

∫

− R

R
e−

1
2(x+iω0)

2
dx + lim

R→∞
∫

R

− R
e−

1
2x

2
dx. (A14)

This becomes,

lim
R→∞

∫

R

− R
e−

1
2(x+iω0)

2
dx = lim

R→∞
∫

R

− R
e−

1
2x

2
dx. (A15)

∫

+∞

− ∞
e−

1
2(x+iω0)

2
dx =∫

+∞

− ∞
e−

1
2x

2
dx. (A16)

Recall that, ∫+∞
− ∞ e− 1

2x
2 dx =

̅̅̅̅̅
2π

√
. This implies that Equation A16 becomes,

∫

+∞

− ∞
e− iω0xe−

1
2x

2
dx =

̅̅̅̅̅
2π

√
e−

1
2ω

2
0 . (A17)

Here, it is obvious that, I3 = ∫+∞
0 e− iω0ϱe− 1

2ϱ
2 dϱ = 1

2∫
+∞
− ∞ e− iω0xe− 1

2x
2dx = 1

2

̅̅̅̅̅
2π

√
e− 1

2ω
2
0 . This leaves us

with I2 = 1
(r − R)

1
2

̅̅̅̅̅
2π

√
e− 1

2ω
2
0 .

From Equation A10, we go on to make substitutions for I2,

Yʹ(r) = C
̅̅̅
2

√
π3/4

∫

+∞

− ∞
Y(R)

1
(r − R)

1
2

̅̅̅̅̅
2π

√
e−

1
2ω

2
0 dR. (A18)

Figure A1. Description of a rectangular contour, consisting of the real (horizontal) and imaginary (vertical) axis.
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The main goal is simply to derive an expression forC , the positive normalization term. The post‐integral function
given in Equation A18 is a variant of the normal Gaussian distribution, which we can standardize using the format
below,

Yʹ(r) =C π1/4
̅̅̅
2

√ ∫

+∞

− ∞
Y(R)

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2π(r − R)2
√ e−

[ω0 (r− R)]
2

2(r− R)2 dR. (A19)

To best handle the integral in Equation A19, there is a need for the “nascent” delta function approach (Abra-
mowitz & Stegun, 1968; Brewster & Franson, 2018; Waters & King, 2018). This technique is used in mathe-
matical analysis, particularly in the context of integrals involving variants of real Dirac delta functions. The Dirac
delta function, denoted δ(r − R), is not a function in the traditional sense but rather a distribution. However,
because δ(r − R) is not a true function but an idealized concept, it can be approximated by a sequence of
functions that are known as “nascent delta functions.” These are functions that approximate the Dirac delta
function in the limiting case, as a parameter of such a function approaches zero (Lighthill & Dyson, 1958).
Common examples include the Gaussian function, the sinc function, and other peaked functions.

For our case, we shall resolve the integrals involving the Dirac delta function, and then take the limit as the
parameter, such as β≜ (r − R)2 in our case, approaches zero (Brewster & Franson, 2018; Waters & King, 2018).
From Equation A19, we have,

Yʹ(r) =C π1/4
̅̅̅
2

√ ∫

+∞

− ∞
Y(R)δβ [ω0(r − R)] dR. (A20)

Based on the condition, δ[ω0(r − R)] = limβ→0 δβ [ω0(r − R)], ∀ 0< |r − R|≪ 1, we can convert our case
study into a normal Dirac delta function.

Using the scaling property of the delta function, δ[ω0(r − R)] = δ(r − R)
|ω0|

(Abramowitz & Stegun, 1968; Arfken &
Weber, 2005; Brewster & Franson, 2018; Waters & King, 2018), we can also transform Equation A20 into the
format,

Yʹ(r) =C π1/4
̅̅̅
2

√
ω0

∫

+∞

− ∞
Y(R)δ(r − R) dR. (A21)

Using the sifting property of the Dirac delta function for Equation A21 (Abramowitz & Stegun, 1968; Arfken &
Weber, 2005; Brewster & Franson, 2018; Waters & King, 2018) and assuming that Yʹ(r) = Y(r), this becomes,

C =

̅̅̅
2

√
ω0

π1/4
. (A22)

Equation A22 is the positive normalization constant that is applicable to our case, as seen in Equation 43.

Appendix B: Detailed Information About Parameters Used for Density‐Wave Analysis
Tables B1–B4 provide detailed information about the parameter settings used to analyze each of the density
waves considered in this study. More specifically, Tables B2 and B3 indicate which occultations were used for
each wave, while Tables B1 and B4 provide the parameters used in the relevant wave‐fitting routine in Python.
Descriptions of the columns found in these tables are provided below.

• datfile: This refers to the IDL save file containing the profiles relevant to our study. The data within this file
form the basis of our analysis.

• m: The parameter “m” represents the signed azimuthal wavenumber of the wave. It provides crucial infor-
mation about the spatial characteristics of the wave pattern.
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• omp: Nominal Wave Pattern Speed (in degrees/day) ‐ This parameter defines the expected speed at which the
wave pattern propagates.

• omr: Range of Pattern Speeds (in degrees/day) ‐ We consider a range of pattern speeds to comprehensively
explore the behavior of the wave under different conditions.

• xr: Range of Radii for Analysis (in 1,000 km) ‐ This parameter defines the specific radial distances at which
we analyze and plot wavelets, providing insights into the wave's distribution across distances.

• rback: Radius Range for Blank Region (in km) ‐ Establishing a blank region around the wave aids in
identifying and isolating profiles with optimal data quality.

• rwave: Radius Range Containing theWave (in km) ‐ This parameter specifies the radial range where the wave
of interest is expected to be prominent.

• frange: Range of Spatial Frequencies ‐ We compute wavelets across a defined range of spatial frequencies,
offering a detailed view of the wave's spectral characteristics.

• mthres: Threshold Deviation for Optical Depth ‐ This threshold guides the identification of acceptable
profiles within the blank region defined by “rback.

• rthres: MaximumAllowed Resolution ‐ This parameter sets a limit on the resolution within the radial range of
the wave (“rwave”), ensuring precision in our analysis.

• rangedisp: Range of Signals Shown in Power Wavelets ‐ Defining the range of signals displayed in power
wavelets helps in visualizing the strength and distribution of the wave's power.

• badoccnames: Names of Problematic Occultations ‐ Identifying and removing problematic occultations,
based on visual inspection, ensures the integrity of our data set.
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