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First attempt at measuring the CMB cross-polarization
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We compute upper limits on cosmic microwave background cross-polarization by cross-correlating the
PIQUE and Saskatoon experiments. We also discuss theoretical and practical issues relevant to measuring
cross-polarization and illustrate them with simulations of the upcoming BOOMERANG 2002 experiment. We
present a method that separates all six polarization power spg&dir&E, BB, TE, TB, EB without any other
“leakage” than the familiar EE-BB mixing caused by incomplete sky coverage. Since E and B get mixed, one
might expect leakage between TE and TB, between EE and EB and between BB and EB—our method
eliminates this by preserving the parity symmetry under which TB and EB are odd and the other four power
spectra are even.
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I. INTRODUCTION spectrumC/F, and illustrate how it depends on various cos-
mological parameters for standard adiabatic models.

Although not yet detected, it is theoretically expected that In Sec. Ill, we compute the strongest observational con-
the cosmic microwave backgroun@CMB) is polarized. straints to date on, by cross-correlating the polarized Prin-
CMB polarization should be induced via Thomson scatteringceton 1QU Experimen{PIQUE) [5] with the unpolarized
which occurs either at decoupling or during reionization. TheSaskatoor{SK) [6] data set. We do this using the formalism
level of this polarization is linked to the local quadrupole presented if7], which takes into account real-world issues
anisotropy of the incident radiation on the scattering elecsuch as incomplete sky coverage and correlated noise. Fi-
trons, and it is expected to be of order 1%—-10% of the amnally, in Sec. IV we assess the prospects for measuririg
plitude of the temperature anisotropies depending on the arthe near future by analyzing a simulated version of the up-

gular scale(see[1,2] and references thergin coming BOOMERANG 2002 experiment.
CMB polarization is important for two reasons: first, po-
larization measurements can substantially improve the accu- Il. POLARIZATION PHENOMENOLOGY

racy with which cosmological parameters are measured by

breaking the degeneracy between certain parameter combi- YWhereas most astronomers use the Stokes parant@ters

nations; second, it offers an independent test of the basigndV to describe polarization measurements, the CMB com-

assumptions that underly the standard cosmological modelMunity uses two scalar fieldsandB that are independent of
Since the polarized CMB signal is so small, it is quite how the.coordlnate system is oriented, and are related to the

likely that its first detection will be an indirect statistical one, t€nsor field Q,U) by a nonlocal transformatiofig—10].

from its predicted correlation with an unpolarized CMB map. Scalar CMB fluctuations have been shown to generate only

Since such cross-correlations involve one rather than twé&fluctuations, whereas gravity waves, CMB lensing and

powers of thesmall) polarization fraction, they will be mea- foregrounds generate bobhandB. This formalism has been

sured with better signal-to-noise than polarization autocorre@Pplied to real data by the PIQUES] and POLAR[11]

lations. Indeed, it has been shod,4] that for almost all ~ t€ams.

cosmological parameters, the polarization capabilities of up-

coming high-precision CMB experiments such as the Micro- A. The six power spectra

wave Anisotropy ProbéMAP) and Planck add information Since CMB measurements can be decompbsed three
mainly through the cross-polarization signal, the only eXCePmaps [T, E,B), whereT denotes the unpolarized component,

tions being the reionization and gravity wave parameters. there are a total of 6 angular power spectra that can be mea-
The goal of the present paper is to present a detailed study

of the cross-polarization from a practical point of view, con-

necting real—worl_d data_l to physical m_odels. In_ Sec. I, W& igjnce the transformation betwee®,U) and E,B) is nonlocal,
argue that the dimensionless correlation coefficients a 1 £/B-decomposition is straightforward only for the case of com-
more meaningful quantity to discuss than the cross powegiete sky coverage. Methods for proceeding in practice for the real-
world case of incomplete sky coverage are discussdd,it0,12—
15], and we will use such a method for our real-world calculations
*Email address: angelica@higgs.hep.upenn.edu below.
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[ ] These dimensionless correlations/anticorrelations are seen to
100 = be quite strong in the sense of being near these limiting
values on many scales. For instance, if one were to smooth
10 | Nl - the T- and E-maps to contain only large angular scales
3 =10 wherer?~0.9, they would be so strongly correlated
that most hot and cold spots would tend to line3upon-
3 versely, if one were to band-pass filter the two maps on
i — ; ; ] scales 10& ¢ =200 Where?s —0.6, hot spots in th&-map
‘1 g 3 would tend to line up with cold spots in tliemap.
E More generally, let us also defing=C//(C;C?)? r
=C%/(CEC®)Y2 Expanding theT, E and B maps in spheri-
cal harmonics with coefficients; ,,, at,, anda®,,, the three
cross power spectra are by definition the covariarrﬁés
: ; =(aj¥af. ), C/=(a;xaB ), cZ=(af*al ), sor, r" and
1 F 3 rZ are simply the correlatlon coefficients betweash,, a5,
CL L bl ' L . anda’ .
2520 100 300 500 1000 1500 2000 . .
Maltipols I What values are these three co.rrelat|on coefﬂments al-
lowed to take? They are real-valued jusflag andB, which
FIG. 1. TheT, X andE power spectra are showtop panel for 1S most easily seen using real-valued spherical harmonics.
the concordance model ¢21]. The TE correlation coefficient X The dimensionless correlation matrix corresponding to the
(bottom panel is the ratio betwee€} and the geometric mean of Vector (a,m ,aem ,aem) is
CT andCe, so in the top panelrx| is just the distance betwedrE

[uK]

-

oT

TE —correlation r,

and the geometric average of tiieand E curves(dashed curve 1 r? r}(
R=(re 1 r¢], (3)

sured. We will denote thesg;, C%, C?, C¥, C{ andC?,
corresponding to TT, EE, BB, TE, TB and EB ryors
correlations’ respectively. By parityC;=C%=0 for scalar

CMB fluctuations, but it is nonetheless worthwhile to mea-and by virtue of being a correlation matrix, it cannot have
sure these power spectra as probes of both exotic physiesy negative eigenvalues. This implies not only thaf]
[16-18 and foreground contaminatiol€{=0 for scalar <1, |r}|<1 and|r?|<1, but also that the determinant Bf
CMB fluctuations to first order in perturbation theory must be non-negative, i.e., that

[8—10,19—secondary effects such as gravitational lensing

can createB polarization even if there are only density per- (r§)2+(r}()2+(r§)2—2rxr r€\1 (4)
turbations presenit20]. The remaining three power spectra

are plotted in Fig. 1(top) for the “concordance” model of o g|| ¢. This allowed region in the 3-dimensional space
[21] (that of[22] is very simila), showing thaCF is typi- (X ;Y r2) is plotted in Fig. 2, and is seen to resemble a
cally a couple of orders of magnitude beld®] on small  deformed tetrahedron. If two coefficients are strongly corre-
scales and approaches zero on the very largest s¢alt®  |ated with each other, then they must both have roughly

N

absence of reionization the same correlations with the third, approaching the
limiting case ¢*,r¥,r¥)=(1,1,1) (upper right corner The
B. Covariance versus correlation other three corners correspond to the allowed possibilities

(1-1,-1), (-1,1-1) and (-1,—1,1).

The cross-power spectru@y, is not well suited for such a
P P @l From here on we use, as shorthand for}.

logarithmic plot, since it is negative for about half of all
€-values. A more convenient quantity is the dimensionless

correlation coeﬁicient? plotted in Fig. 1(lower pane), de- C. Cosmological parameter dependence of polarization
fined as power spectra
X A detailed review of how CMB polarization reflects un-
C . . L . -
X_ ¢ (1) derlying physical processes is givern &1. In this subsection,
¢ (C}C€E)1/2’ we briefly review this topic from a more phenomenological

point of view (see alsd12]), focusing on how different cos-
since the Schwarz inequality restricts it to lie in the range mological parameters affect various features inEh& and
X power spectra and aiming to familiarize the reader with, in

X . . .
—1srys<L ) particular, the correlation spectrump and its cosmology de-
2From here on, we adoptT=T, EE=E, BB=B, TE=X, TB 3Such a correlation, however, would be very difficult to detect
=Y, EB=Z. given how smalE is expected to be in that-range.
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FIG. 2. The region of the parameter spacé,(”,r?) allowed Multipole 1

by the generalized Schwarz inequality. The cube extends o ]
from —1 to 1 in all three dimensions. The four corners (1,1,1), FIG. 3. How the reionization optical depthaffects theT andE

(1,-1,-1), (-1,1-1) and (- 1,—1,1) correspond td, E andB  Power spectratop) and theTE correlationr, (bottom. Solid,

being perfectly correlated and anticorrelated. dashed and dotted curves correspond+d), 0.2 and 0.4, respec-
tively.

pendence. For more details, the reader is refererred to the _ o

polarization movies at www.hep.upenn.edahgelica/ (if) Aside from reionization effects, th& power ap-

polarization.html proaches zero on scales much larger than those of the first

Let us consider adiabatic inflationary models specified byacoustic peak. This is because the polarization anisotropies
the following 10 parameters: the reionization optical depth are only generated on scales of order the mean free path at
the primordial amplitudef\, A, and tiltsng,n, of scalar and recombination and below.
tensor fluctuations, and five parameters specifying the cos- As detailed below, changing the cosmological parameters
mic matter budget. The various contributiofis to critical ~ affects the polarized and unpolarized power spectra rather
density are for curvatur,, vacuum energf? , , cold dark  Similarly except for the cases of reionization and gravity
matter Q.qm, hot dark matterneutrinog Q, and baryons Waves. All power spectra were computed with thesrFAsST
Q. The quantitiess,=h2Q}, and wgm=h?Qq, correspond  software[25].
to the physical densities of baryons and taw@bld + hot) o
dark matter Qgn=0cm+Q,), and f,=Q,/Qy, is the 2. Reionization
fraction of the dark matter that is hot. The baseline values of Reionization at redshifz, introduces a new scalé,
the parameters here and in the movies are for the concor20(z, /10)*? corresponding to the horizon size at the time.
dance model of21], 7=Q=A=1,=0, Q,=0.66, ogm  Primary (from z=1000) fluctuations5T, on scalest> ¢,
=0.12, w,=0.02, ng=0.93, providing a good fit to current get suppressed by a factef and new series of peakare
data from the CMB(tabulated in21]), galaxy[26] and Ly-  generated starting at the scalg . Figure 3 illustrates that
man Alpha Foresf27,2§ clustering, and big bang nucleo- although these new peaks are almost undetectablg, in
synthesig 29]. drowning in sample variance from the unpolarized Sachs-

Wolfe effect, they are clearly visible i& since the Sachs-

1. Polarized versus unpolarized Wolfe nuisance is unpolarized and absent. The models in Fig.

If recombination were instantaneogsith the radiation 3 have abrupt reionization giving=z32, so higherz, is

field locally isotropig, there would be no polarization at all. seen to shift the new peaks both up and to the right.

Both the E and theT power spectra carry information On small scales, reionization leaves the correlatipnn-
about thez=10® prerecombination epoch in the form of changed sincé:l andC(,E are merely rescaled. On very large
acoustic oscillations. From a practical point of view, therescales,r, drops since the new polarized signal is uncorre-
are two obvious differences between thandT power spec- lated with the old unpolarized Sachs-Wolfe signal. On inter-
tra as illustrated by Fig. 1: mediate scale€=¢, ~20, oscillatory correlation behavior

(i) The E power is smaller since the polarization percent-is revealed for the new peaks.
age is small, making measurements more challenging. This is
because polarization is only generated when locally aniso=—————
tropic radiation scatters off of free electrons, and this only “These new peaks are caused not by acoustic oscillations, but by a
occurs during the brief period when recombination is takingprojection effect: they are peaks in the Bessel function that accounts
place: before recombination, radiation is quite isotropic andor free streaming, converting local monopoles at recombination to
after recombination there is almost no scattering. local quadrupoles at reionization.
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FIG. 4. How the gravity wave amplitud&, affects theT, E and FIG. 5. How the spatial curvatu@, affects theT andE power

B power spectratop) and theTE correlationr, (bottom. Solid, spectra(top) and theTE correlationr , (bottom. Solid, dashed and

dashed and dotted curves corresponétse 0, 0.2 and 0.4, respec- dotted curves correspond t©,=—0.1 (closed mode| 0 (flat

tively. mode) and 0.1(open model respectively. Apart from the familiar
horizontal shift, the late ISW effect is seen to suppress the correla-

. S . ... tionr, on large scales.
For more details about CMB polarization and reionization ¢ 9

see[30,31]]. )
4. Spacetime geometry
3. Primordial perturbations Just asA; andng, the spacetime geometry paramet@is
o ) and() , affect the polarized and unpolarized power spectra in
As seen in Fig. 4, gravity wave@lso known as tensor similar ways.(), and Q, were completely irrelevant at
fluctuationg contribute only to fairly large angular scales, >~ 103, when the acoustic oscillations were created, since
producingE and B polarization. Just as for the reionization (), ~(),~0 at that time regardless of their present values.
case, unpolarized fluctuations are also produced but are dixs is well-known and illustrated by the above-mentioned
ficult to detect since they get swamped by the Sachs-Wolfenovies, the acoustic peak features are therefore independent
effect. As has been frequently pointed out in the literature, n@f these parameters, merely shifting sideways on a logarith-
other physical effectéexcept CMB lensing and foregrounds mic plot as geometric effects magnify or shrink the scale of
should produceB polarization, potentially making this a primordial fluctuation patterns. On large scales, the late inte-
smoking gun signal of gravity waves. grated Sachs-WolféISW) effect creates additional power
Adding a small gravity wave component is seen to supthat is completely unpolarized, since this is a pure gravity
press the correlation, in Fig. 4, since this component is €ffectinvolving no Thomson scattering. Since the ISW effect
uncorrelated with the dominant signal that was there previis uncorrelated with the primary large-scale fluctuations, it
ously. Indeed, this large-scale correlation suppression ma§uPpresses, on large scales aQ or {1, shift away from
prove to be a smoking gun signature of gravity waves that i€€r0 as seen in Fig. 5.
easier to observe in practice than the oft-discusdaignal
[32,33. This TE-correlation suppression comes mainly from 5. Matter budget

E, notT: since the tensor polarization has a redder slope than The primordial CMB signal is dominated by fluctuations
the scalar polarization, it can domindtet low ¢ even while iy the gravitational potential and the density &t 103,
remaining subdominant ifi. Foreground and lensing signals whereas theée-signal is dominated by peculiar velocities on
would need to be accurately quantified for this test, sincehe last scattering surface. This is why fBepectrum is seen
they would also reduce the correlation. to be out of phase with th&-spectrum, with peaks in one
The amplitudes\g, A, and tiltsng,n, of primordial scalar matching troughs in the other. This also explains why in-
and tensor fluctuations simply change the amplitudes andreasing the baryon fractiof,=Q,/(Q,+ Q4 for fixed
slopes of the various power spectr: is controlled by total matter density as in Fig. 6 lowers the polarized peaks, in
(A¢,ny) alone, wherea3 andE are affected byAs,ng) and  contrast to the boosting of odd peaks for the unpolarized
(A¢,ny) In combination. Note that if there are no gravity case: more baryons lower the sound speed in the photon-
waves @A.=0), then these amplitudes and tilts cancel out,baryon plasma, producing lower velocities.
leaving the correlation spectrum independent of bott\g The remaining matter budget parameters, the cold and hot
and (apart from aliasing effecta,. dark matter densities, effeEtandX polarization in much the
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parameter as a function of position along a 1° radius circle around
the North Celestial Pole. One quarter of the modes are projected out
as described in the text.
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was pixelized into 144 angular bins, and we denoted the

TE —correlation r,
o
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v fle

F1 o bl ! l correspondind valuesQq, . ..,Qq44. Let us focus on four
2520 100 300 500 1000 1500 2000 pixels forming a perfect square in the sky, say pixels 1, 37,
Multipole 1 73 and 109, and group them into a vectorBecause of the

chopping, PIQUE measured notbut the linear transforma-

FIG. 6. How the baryon fractiof),/(Q,+Q4) affects theT tion Ax. where

and E power spectratop) and theTE correlationr, (bottom.

Solid, dashed and dotted curves correspond to baryon fractions of 1 1 0 0 Q,
0.01, 0.02 and 0.08, respectively.
01 1 0 Qs7
same way adl. Increasing the dark matter density(Q 4, A= 0O 0 1 1 and  x= Qi |’ (5
shifts the peaks down and to the left. TheE andr, power 10 0 1

spectra change hardly at all when changing the fraction Q100
Q,1Q4, of the dark matter that is hot. This is because the

neutrinos were already quite coldonrelativistia at the time 1€ MatrixA is singular, with a vanishing eigenvalue corre-
the CMB fluctuations are formed. sponding to the vector (%,1,1,—1). Our deconvolution

therefore sets this particular mode to zero, and encodes our
lack of information about its value as near-infinite noise for
this mode in the map noise covariance matrix. Since there
We now turn to the issue of measuring cross-polarizatiorare a total of 36 such pixel quadruplets, our deconvolved
in practice, including issues of methodology, window func-data set, which is plotted in Fig. 7, thus has 36 such unmea-
tions and leakage. We analyze an existing data set in thisured modes.
section, then turn to simulations of upcoming data in Sec. IV. Because PIQUE was insensitive to the unpolarized CMB
component, we cross-correlated Qelata from PIQUE with
T data from the SK map23], deconvolved and pixelized as
A. Data described in[24]. To take advantage of cross-polarization

o . information from spatially separated pixels, we used SK pix-
PIQUE was a CMB polarization experiment on the roofg|s not merely from the PIQUE circle, but from a filled disk

of the physics building at Princeton University. It used auf radius 3° around the NCP, a total of 288 0.310.31°
single 90 GHz correlation polarimeter with full width at half pixels. We found that further increasing the size of the SK
maximum (FWHM) angular resolution of 0°.235, and ‘zb' disk did not significantly tighten our constraints. Our final
served a single Stokes parame@em a ring of radius of 1°  gata vector combines the PIQUE data and the SKT data

around the North Celestial Po(&ICP) [5] (see Fig. 7. and thus contains 144288=432 pixels.
During one day, the telescope was able to observe on the

order of 20 independent points on this ring, chopping slowly

(every few secondshetween two points separated by 90° B. Method

along this circle. The polarized sky signals detected at these We compute the six power spectra described in Sec. Il A

two points had opposite signs=@Q) and were six hours out using the quadratic estimator method as describefl7]n

of phase’. This means that the experiment did not measurecomputing fiducial power spectra with teBFAST software

individual Q values, but sums of two. To simplify subsequent[25] using cosmological parameters from the concordance

calculations, we eliminated this complication using the de-model from[21]. We also perform a likelihood analysis as

convolution method described in Appendix D [@4] to re-  described below.

cover a filtered version of th® map. Specifically, the ring A key challenge is separating the six power spectra
(T,E,B,X,Y,Z). A generic quadratic band power estimator
(a quadratic combination of, Q andU pixels) will probe a

5See[5] and dicke.princeton.edu for more details. weighted average of all six power spectra, so measurements

Ill. CASE STUDY I: PIQUE
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of the six can in principle be afflicted by as many @ ( TABLE I. Polarization power spectrum. Results from combined
of one power spectrum picks up contributions from another:

In [7] it was argued that susceptibility to systematic errors o= o*(kK?) Alzxa, OT(1K)
could be reduced by chosing the “priors” that determine theTt 2183+ 905 151.3-85.8 46.7°3,
guadratic estimator method to have vanishing crossg —24+17.4 153.4-87.6 <3.9 (5.7)
polarizationsX=Y=Z=0, and it was shown that this sim- B -8.1+16.0 141.6-73.7 <2.8 (4.9)
plification came at the price of a very smagtlercent level  x —145.5+222.2 137.469.4 <8.6 (17.3)
increase in error bars. In the Appendix, we show that thisy —7.9206.2 151.382.5 <14.1 (20.1)

choice has an important added benefit: exploiting a parity
symmetry, it eliminates 14 out of the 15 leakeges, with only
the much discussel,10,12—-1% E—B leakage remaining. the six polarization typesT(,E,B,X,Y,Z), thereby going out
Note that whereas parity-conservationthe physics govern- to ¢ =1000, and average the measurements together into a
ing the emission processqwedicts Y=Z=0, the proof single number for each polarization type to reduce noise. We
given in the Appendix is purely geometric in nature, andeliminate sensitivity to offsets by projecting out the mean
holds even if parity-violating physics, foregrounds, etc., pro-(monopole from the T and Q maps separately. The values
duce nonvanishin and Z. shown in parentheses in the most right column of Table | are
This result is useful in all but eliminating the leakage 2-o upper limits(those are also the values that we present
headache, which would otherwise complicate both calculahere as our upper limits
tion and interpretation. It also has important implications for  The detection of unpolarized power is seen to be consis-
other approaches, notably the currently popular maximumtent with that published for the full SK ma®]. The table
likelihood (ML) method as implemented by theaDcAP shows that we detect no polarization or cross-polarization of
software [34] and applied to MAXIMA, BOOMERANG, any type, obtaining upper limits, just as the concordance
DASI and other experiments: generalizing it to polarizationmodel predicts. No results & are reported since PIQUE
in the obvious way will produce exactly the sort of leakageprovides onlyQ data(note thatQ andU are needed to isolate
that our method eliminates. However, this problem can be&-polarization—we will includeZ in Sec. I\).
eliminated as described below. The window functions reveal substantial leakage between
The quadratic estimatdQE) method is closely related to E and B, so the limits effectively constrain the average of
the ML method: the latter is simply the quadratic estimatorthese two spectra rather than both separately. For this reason,
method withB=F 1 in Eq. (A4), iterated so that the fiducial and to recast our constraints in terms of ThE correlation
(“prior” ) power spectrum equals the measured [@%. For  coefficientr ,, we complement our band-power analysis with
a detailed comparison between these two methods, see Seclikelihood analysis where we assurBe=0. Specifically,
IVB in [7]. The ML method has the advantage of not requir-we setB=Y=Z=0 and take each of the remaining power
ing any prior to be assumed. The QE method has the advaspectra T,E,X) to be constant out t6=1000.
tage of being more accurate for constraining cosmological We first perform a simple 1-dimensional likelihood analy-
models—since it is quadratic rather than highly nonlinearsis for the parameteE using the PIQUE data alor{discard-
the statistical properties that measured band power vector ing the SK informatiol obtaining the likelihood function
can be computed analytically rather than approximated¢bottom solid line in right panel of Fig.)8n good agreement
which allows the likelihood function to be computed directly with that published by the PIQUE teaff]. They find 95%
from q (as opposed tox), in terms of generalized of the area folE<10 uK—our likelihood curve drops by a
x2-distributions[36]. factor e 2 at a slightly lower valueE~7 uK as expected,
Both methods are unbiased, but they may differ as regardsince the likelihood curve is asymmetric and hence highly
error bars. The QE method can produce inaccurate error bars
if the prior is inconsistent with the actual measurement. The
ML method Fisher matrix can produce inaccurate error bar
estimates if the measured power spectra have substantii@ os £
scatter due to noise or sample variance, in which case the'g
are unlikely to describe the smoother true spectra. A gooog
compromise is therefore to iterate the QE method once an¢s

1F 31

Just F info . 0.8
= == Using E & r info ]

706

06 [

04 [

choose the second prior to be a rather smooth model consis o2 | \‘ o2
tent with the original measurement. The lesson to take away o b L . RSN 30
from the Appendix is that if the ML method is used, one 0 20 4 & 80 0 10 20

should reseiX=Y=2Z=0 before each step in the iteration, T amplitude [uK] E amplitude [uK]

thereby eliminating all leakage except betwdeand B.
FIG. 8. Likelihood results using PIQUER information alone

(right panel, solid ling and using both PIQUEQ- and SK
T-information and marginalizingremaining two curves From top

Table | shows the result of our band-power estimation.o bottom, the two horizontal red lines correspond to 68% and 95%
Here we use 50 multipole bands of widki¥ =20 for each of  of C.L., respectively.

C. Results
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window function forX (see Table)l £
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non-Gaussian. This non-Gaussianity also means that the pre Multipole 1
cise confidence levels of the upper limits in Table | should be

tak_en with a grain O_f salt. ThB_“_m't IS rather_ low because top to bottom, the three curves show the concordance model pre-
noise fluctuations give a negative best estimageall that s forc, CF andC¥, respectively. Four reionization models
what is measured is the sky power minus the expected NOISfith 7=0.1, 0.2, 0.3 and 0.4 are also plott@dft thin lines from
power, which can be negatiyeand this preference for nega- potiom to top. The limits are: PW6539], C78 [40], N79 [41],

tive B pulls down theE estimate too since the strong leakage | s79[42], LS81[43], S98[44], L83 [45], W93 [46], N97[6], T99
implies that it is really measuring a weighted averageeof hexagong47], P88[48], F93[49], P97[50], SO0[51], HO1[5] and

andB. K01 [11] (all in upper paneland our new upper limit oX (lower
We then compute the likelihood function including both pane).

PIQUE and SK data in the 3-dimensional space spanned by

(T.E,ry) and compute constraints on individual parameterg,, jis amplitude quite accurately. The effect of adding cross-
or pairs by marginalizing as if21]. Figure 8 shows that this  ,|arization information on the PIQUE-limits is shown in

produces ar-measurement~50 wK, consistent with that g g (dashed line in the right paneln this case, we had no

for the full SK map[6] (left pane). Figure 9 shows our meaningful constraints ory, so it is not surprising that this
constraints in the K,r)-plane after marginalizing over.  555r0ach does not help us: we see that adding the unpolar-

The “C" shape of the contours in here is not generic: Wej o4 temperature simply weakens the upper limit slightly
performed a series of Monte Carlo simulations, and SOMEqyrtesy of noise fluctuations.

produced “backward C” shapes instead, others *S™like  gjncer, is expected to oscillate between positive and

shapes. This figure also shows that our constraints on thg,qave values, using a fléatonstank r, in the likelihood
cross-polarization are weaker than the Schwarz inequalitynaysis runs the risk of failing to detect a signal that is
ry<1, so in this sense the data have taught us nothing neW, 51y present in the data, canceling out positive and nega-
This funny situation is unique to measuring COITelationsje detections at different angular scales. This is not likely to

S||nce anyl measuremenlt of s?y(r)]r E, h_ovv”eveTI no'sél' W'I(Ij | have been a problem in our case, singés uniformly nega-
always rule out some class of theoretically allowed modelsy;, o i oy sensitivity rangé = 137+ 69 for the concordance

However, it is important to point out that this failure to beat.model, but for future experiments with higher signal-to-
the Schwartz inequality does not mean that an experiment Soise, it will be important to parametrize in a more physi-

far from detec'glng polar_lz_anon: as we saw In Seq. e, thecal way—either with separate bandpowers in multiple bands
actual correlation coefficient can be of order unity, so the

step from overcoming the Schwartz bound to detecting ar? r directly in terms of cosmological parameters.
X-signal may in fact be quite small. Figure 10 summarizes all
polarization limits published to date, and indicates that the
detection of cross-polarization may indeed be just around the What improvements in data would enhance the scientific
corner. potential of an experiment such as PIQUE the most? Reduc-
Cross-polarization information could, in principle, reduceing the noise level in the polarization measurements would
error bars orE as well. As an extreme example, if we had obviously improve the limits orE, B andr,. We find that
measured that,~ 1 on the angular scales probed by PIQUE, substantial reductions would be needed to make a qualitative
with tiny error bars, then we would know the exact spatialdifference—a simulation merely doubling the amount of
template of thée-map from theT-map and could therefore fit data, addindJ-polarization, did not produce an-detection

FIG. 10. Summary of upper limits on polarization so far. From

D. Future prospects

023003-7



ANGELICA de OLIVEIRA-COSTAet al. PHYSICAL REVIEW D 67, 023003 (2003

1.0[ T ] 1.0[ T T T
g oot | g o5 |
2 3 2
8, L ] & o00F ]
2 0.0f 2
o [ ©
£ 051 ] S 051 ]
—10l . . . ] —1.0L . . .
0 ] 5 3 4 0.0 0.5 1.0 1.5 2.0
E amplitude [uK] E amplitude [uK]
FIG. 11. E-r, likelihood for the case of lower noise of 5aK FIG. 12. Constraints in thE-r, plane from a simulation of the

per pixel in SK(the nominal value is~150 uK) and 5 uK per =~ BOOMERANG experiment. From outside to inside, the likelihood

pixel in PIQUE (the nominal value is=22 uK), showing that this ~ contours are )Ehe same as in Fig. 9. A fiducial model wah
sensitivity level can give interesting constraints op. The =1 uKandCy=0 was used in this calculation.

data used here are a Monte Carlo simulation with,r() helbed onlv marainally for constraining: we r ted our

=(0.82,-0.65), which is what the concordance model predicts atl.ke ?ﬁ % y Iag ally for co std r:ﬁ . _etlepea ed o?

£ =137, the center of our window function fot (see Table)l _' .e| ood analysis using, Q f':\n ata !0|n y, marginal-
izing overT andr,, and obtained essentially unchanged er-

or beat the Schwarz inequality. Figure 11 shows which sorfor bars.

of sensitivity improvements are needed for a marginal detec- Finally, Fig. 13 shows that we can separate ¥handZ
tion in theE-r, plane using the same number and position ofcrrelations if we use™,Q,U) maps jointly. We also veri-
pixels as for PIQUE. The Schwarz bound inequality is seerfi€d numerically that there is no leakage betweenTiBeand
to be beaten by a substantial margin on the high side. ThisB correlatllons, as proveq in Sec. VI. Note that the results in
illustrates the potential value of experimental groups coordifhis  section — underestimate  the true power of
nating to observe the same sky regions. Increased sky coROOMERANG 2002 by only using enough pixels to probe
erage and a more two-dimensional geometry clearly helpdhe power out to ~120, the key intention being simply to

and we explore such an example in the next section. demonstrate that both the experimental sensitivity and our
analysis method is adequate. When the real data are avail-
IV CASE STUDY II: BOOMERANG DATA able, a more computer intensive analysis with ordérig-

els will be worthwhile.
We begin case study Il by extending the results presented

in [7]. In this section we guantify the ability of BOOMER- 3000 | T

ANG to separate th& and Z correlations using T,Q,U) 2000 £

maps. 1000 F : T . .
We pixelize our sky patch using the equal-area icosahe- 2_ I E

dron method 37] at resolution levels 35, corresponding to ~ 1& ————— ~ T

361 BOOMERANG pixels. We apply the quadratic estima- & °f ~— °~ — * | ! |

tor described if7] just as we did for PIQUE, with the fidu- % 05 E I I B

cial power spectraC} computed usingCMBFAST software Q@ of s + - 1

[25] using cosmological parameters from the concordances o5 £ | ) . .

model from[21]. In our fiducial model we se€5=1 uK? T oaof ] X

andCB=C}=C)=C%=0, and eliminate sensitivity by off- = of + == )

sets by projecting out the me@monopolé for T, Q andU I '_i_' Do

maps separately. B =oF . I i Y
Figure 12 shows how important the unpolarized counter- oF I T !

part is when constraining the polarized power spectrum: high 5 E . T '_*I_' . '_T_‘ o

signal-to-noise temperature data are seen to substantially i 2F L 7

prove how wellE can be constrained. The AK E signal I . . 1 i

used in our case study is detected at high significance whe! 3 r ¥ | |

using polarization data alone. Although addifnformation T T T T T T T e

is obviously necessary to constraip, we found that it Multipole 1

FIG. 13. BOOMERANG power spectru, E, B, X, Y and
SWe use the icosahedron pixelization since it has the roundes. The power spectrum was calculated for 5 bands of dife
(mainly hexagonalpixels and is highly uniform. Although we did =24, C] was computed usingMBrAsT software, and we assumed

not use it here, theieaLPix package[38] is useful in allowing CE=1 andC?=C}=C}=C%=0 when running our Monte Carlo
azimuthal symmetry to be exploited for saving computer time.  simulations.
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V. CONCLUSIONS Wi =t QP ], (A3)

We have presented the first attempt at measuring the CMI\;)Vhere PzaC/aCf’. For a fixed P,€), they show the ex-

cross-polarization, using the PIQUE and SK data sets. WB Lo ;
. S " ected contributions to the band power estin@gtaot only
obtain upper limits off E=X<8.6 uK (95% C.L) andTB from different€-values, but also from different polarization

=Y<14.1uK (95% C.L). Limits for E are in concordance o5 For instance, an estimateBpolarization may inad-
with the values presented [5], and are [much higher than yeptenty pick up a contribution frorB-polarization as well,

the expected NCP foreground leve$2,5]." We also discuss  gjnce it is difficult to separate the two with only partial sky
theoretical and practical issues relevant to measuring Crosgoverage 7,10,12—1% Suchleakagebetween different po-
polarization and illustrate them with simulations of the up-jarization types is clearly undesirable since it complicates
coming BOOMERANG 2002 experiment: we find that sub- interpretation of the measurements. The aim of the appendix
stantial improvements on measuring the polarized powejs to show that for our particular choice of estimaf@y,
spectra would be possible if the noise could be lowered inmgst elements of the window functiom’",, vanish, and
the unpolarized map used for the cross-correlation. Amonghat there is indeed no other leakage thaen PbetweerEear}d
other things, we show that the well-known problemEB B—not, say, betwee andY or betweerE andZ.

leakage, which complicates measurements ahdB power, In [7] it was shown that the quadratic estimator defined by
vanishes when measuring the three cross-polarization power .
spectra TE, TB andEB). - -
p T ) Qi=§J\/}$ B;C P,CY, (Ad)
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' ' tion constantsV, are chosen so that all window functions

sum to unity. This means that we can intergges measur-
APPENDIX ing a weighted average of our unknown parameters, the win-
dow giving the weights.

scrlirt])etglisn ?ﬁgiggltx’swgcﬁirga\flle ﬂ\:vee Z%gﬁlfﬁgtetggf%ﬁm L?ae_' For our estimates we constructed the covariance matrix
- =P Y. q earing in EqQ.(A4) setting C{‘=C/=Cf=0 and CF
B

; . . app
dratic estimator method gives no leakage between any of thgpCI . As explained in detail if7], the choiceC|x=C,Y=O

15 power spectrum pairs excepiB. . )
; was made because it makes the estimates of the temperature
We follow the notation of 7] throughout. We lek denote ower spectra only depend on quadratic combinations in-

the vector that contains the measured temperature a}nd Sto ving two measured temperatures, the estimatééaridY
parameters at each pixel and consider quadratic estimators g ly depend on quadratic combinations involving one Stokes

the different power spectra, parameter and one temperature, and the estimate d, tBe
. . andZ spectra only depend on products of two Stokes param-
=X Qx=tr{ Q;xx'], (Al)  eters(otherwise additional nonintuitive terms get included,

say temperature autocorrelations when meastijrigcreas-

wherei labels at the same time both the polarization t#e ing susceptibility to systematic errgrThese facts immedi-
(T, E, B, X, Y andZ) and the multipolet to be mea- ately imply that the only mixed windows that could poten-
sured.q; probes a weighted average of the power spectra, tially be nonzero ar&V'=,, W\, W, W'>, i.e., of the
(g)z 15 types of potential leakage, on§B, XY, EZ andBZ

_ B PP leakage is possible. What we will show in this appendix
<qi>_tr[QiC]_b+P,2=l 622 Wg'P’Cf’ ' (A2) using an argument based on the parity of the different fields

is that onIyWeE is nonzero for our choice of.

6 4 max

¢'B
where b=t[Q;%] is the contribution from experimental ~ We consider a parity transformation such that the coordi-
noise,Y is the noise covariance matri$, is the covariance hater’=—r, where primes indicate the coordinates after the

matrix due to the Cosm0|ogica| SignaL afd=Y+Sis the transformation. We define the operaﬂrto be the one that
total covariance matrix. In EqAZ) we introduced genera|- transforms the vector of temperatures and Stokes parameters
ized window functions, x under the parity transformationx, =IIx. It satisfiesII?
=1, the identity. For example, if the Stokes parameters at
each point on the sky were defined with respect to the spheri-
7[5] extrapolated an upper limit of 05K for the polarized dust ~cal coordinate system, thell transforms them aQ’=Q
emission from the IRAS 10@m map[53] and an upper limit of @ndU’=—U. Under a parity transformation, we also have
0.4 uK for the polarized synchrotron emission from the Brouw and T'=T, E'=E andB’'=—B.
Spoelstra[54] and Haslam[55] maps—both limits were for the To understand how the matric€s and P behave under
NCP region and the PIQUE observing frequency. parity, we need to understand their structure. Let us consider

023003-9
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an arbitrary pair of points labele®l andB. The matrices are

PHYSICAL REVIEW D 67, 023003 (2003

onal, with no terms that miX andQ or T and U. It is clear

most easily described when the Stokes parameters are meahen why our estimators of andY only containTQ andTU

sured with respect to the natural frame, that is wii@is

defined as the differences in intensity in the directions paral-

terms.
Under a parity transformation in this coordinate system,

lel and perpendicular with respect to the great circle thathe Stokes parameters transformTds=T, Q'=Q and U’
joins A and B. In that case the structure of the covariance=—U. Under parity in Eq.(A5), the last two equations

matrix is

<TATB>:E| fici
(QaQe)=2 f2CF+15CE
<UAUB>:E| faCe+f5CE
<TAQB>:2| fﬁC?
<TAUB>:Z| ffiC?

(UaQe)=2 (5= 15)CF (A5)

where the coefficients{ are known functions of the angular
separation betweef andB. From the above expressions we
can calculate what the differeRtmatrices are in this frame.
The matrixPt has nonzero entries only for the terms involv-
ing Ty andTg, Pg andPg only terms involvingQ Qg and
UaUg, Px only for those involvingQ,Tg and QgTa, Py
only for those involvingU Tz and UgT, and P, only for
those involvingQaUg and QgU,. Moreover if when con-
structingC we tookC} andC{ to be zeroC is block diag-

change sign while the others remain the same. ThGsvias
constructed assuming that all the cross spectra were zero,
which implies that the last three expectation values in Eq.
(A5) are zero, thedICII=C which implies thatIIC ™11
=C~ 1. Furthermore because only the last two equations in
Eqg. (A5) change sign, thé® matrices satisffIP{II= P,
NPcIl=Pg, MPgII=Pg, IIPII=Py, IIP II=-Py, and
IIP,I1=—P;. In other words, the¥ andZ spectra are odd
under parity while theT, E and X ones are even.

We now have all the necessary ingredients to show that
any cross window function that involves spectra with differ-
ent parity will be zero. These window functions will be given
by the values of fiC"*P,C 1P,/ ]. If the two P-matrices
have different parities, we have

tr[CIP,IIC P, II]=—tr[C P,C 1P, ]. (AB)

Using the fact thatC~! commutes withIl and the cyclic
property of the trace, we get

t{C P, C P, ]=—tr[C P, C P, ]. (A7)
Thus if P; and P;, have different parities, the trace will be
zero. With our choice ofC, the window functions mixing
spectra with different parities are identically zero. This
means that there is no leakage betweeandY, betweenE
andZ or betweerB andZ, so the only nonzero mixed win-
dow function isWﬁ,EB. In other words, out of the 15 potential

leakages, our method eliminates all except that between
andB.
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